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Introduction

“Knowing, my most esteemed friend Dionysius, that you are anzious to learn
how to investigate problems in numbers, I have tried, beginning from the
foundations on which the science is built up, to set forth to you the nature
and power subsisting in numbers”.

A dedication from Diophantus to his friend Dionysius in the Arithmetica [17]. This
is how number theory was born. Little is known about the life of Diophantus. He lived
in Alexandria, Egypt, probably in the third century BC. The Arithmetica is the major
work of Diophantus and the most prominent work on algebra in Greek mathematics. In
this work, Diophantus showed how to solve linear equations and three different types of
quadratic equations, but considered only rational solutions and he provided no general
methods. The portion of the Arithmetica which is still conserved consists of the solution
of 130 problems, involving both determinate and indeterminate equations, i.e., equations
in one and multiple variables respectively. The method for solving the latter is now known
as Diophantine analysis.

Diophantus developed his study from an algrebaic point of view, far away from the
geometrical one used by other of his contemporary mathematicians. This algebraical
approach led him to develop a brand new mathematical notation and symbolism: he
introduced an abridged notation for frequently occurring operations and an abbreviation
for the unknown and for the powers of the unknown.

We may focus on the indeterminate equations, which are the equations we are interested
in, particularly in two variable equations. The simplest kind of such equations is the linear
ones. If we have a, b, c € Q, then we look for rational solutions of

ar +by+c=0.

Geometrically, this equation defines a line. We know that multiplying by the least common
multiple of a, b and ¢, we can consider a,b,c € Z. Moreover, if we call d = ged(a,b) then
the equation ax + by + ¢ = 0 has (infinite) rational solutions if and only if d|c.

Diphantus did not, in his Arithmetica as we have it, treated of indeterminate equations
of the first degree, but he already knew how to solve them: such equations were converted
into determinate equations using change of variables.



The geometrical approach, rather than the algebraic one, to solve contruction problems
prevailed for centuries. Even this geometrical approach was favored by most 16th and 17th
century mathematicians, notably Pascal argued against the use of algebraic and analytical
methods in geometry.

But there were the French mathematicians Vieta, Descartes and Fermat whom
revolutionized the conventional way of thinking about construction problems through the
introduction of coordinate geometry, i.e., the study of geometry using a coordinate system
and the principles of algebra and analysis. This perspective was the beginning of a new
branch of mathematics known nowadays as algebraic geometry.

Particularly, Fermat was interested primarily in the properties of algebraic curves, those
defined by Diophantine equations. In fact, by studying the Arithmetica of Diophantus,
Fermat wrote his famous “Last Theorem” in the margins of his copy:

“If an integer n is greater than 2, then a™+b" = ¢ has no solutions in non-zero
integers a, b and c. I have a truly marvelous proof of this proposition which
this margin is too narrow to contain”.

It is known worldwide that this assertion was not as easy to prove as Fermat thought,
and it took 300 years to get a proof by Wiles in the 1990s. We will return to this issue
latter, but note that along these 300 years uncountable other discoveries have been made,
and entire new fields of mathematics evolved.

We can consider now the problem of finding rational solutions of a quadratic polynomial
in two variables with rational coefficients:

Ar? + Bay + Cy* + Dx + By + F = 0.

This equation defines a conic, which geometrically is a curve that results from cutting a
circle cone with a plane. So the problem becomes finding rational points on the conic.

What about the intersection of a rational line and a rational conic? Will it be true that
the two points (counting multiplicities) of intersection are rational? If we consider the line
and the conic given by

2?4yt =1 and r—y =0,

we have that the intersection points are (1/v/2,1/v/2) and (—1/v/2,—1/4/2), which are
not rational, so the answer is no.

We consider the general case, i.e., we look for the intersection of a rational conic and a
rational line,

Ax? + Bry+ Cy?*+ Dx+ Ey+ F = 0,
ar + by +c=0.

By clearing = from the second equation and by replacing it in the first one, we obtain
a quadratic equation with rational coefficients. So the two points of intersection will be
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rational if and only if the roots of that quadratic equation are rational. However, if one
of those points in the intersection is rational, then so is the other, since if a quadratic
equation with rational coefficients has one rational root, then the other root is rational
because the sum of the roots is the middle coefficient.
We have just seen that a conic have one rational point
if and only if it has infinite rational points. In fact, if O is
a point on a conic C, there is a geometrical algorithm of
getting all of the other rational points on C. We just draw
some rational line £ and we project the conic C onto this
line from the point O. (To project O itself onto the line,
we use the tangent line to C at O). A line meets a conic
in two points, so for every P € C we get a point ) € L;
and conversely, for every point () € £ by joining it to the ' . .
point O, we get a point P € C. (See figure[l)). So we get Figure 1. Rational points.
a one-to-one correspondence between the points on the
conic and the points on the line. But now we see by the remarks we have made that if the
point P € C has rational coordinates, then the point () € £ will have rational coordinates
too. And conversely, if () € L is rational, then because O is assumed to be rational, the
line through P and () meets the conic in two points, one of which is rational.

The study of some quadratic forms, in particular the question of whether a given integer
can be the value of a quadratic form over the integers, dates back many centuries. One
such case is Fermat’s theorem on sums of two squares, which determines when an integer
may be expressed in the form 2% + y?, where z,y € Z. This problem is related to the
problem of finding Pythagorean triples, i.e., finding integer solutions for z? + y? = 22,
which appeared in the second millennium B.C.

In 628, the Indian mathematician Brahmagupta wrote Brahmasphutasiddhanta which
includes, among many other things, a study of equations of the form 22 — ny? = c. In
particular, he considered what is now called Pell’s equation, z?> — ny? = 1, and found a
method for its solution. In Europe this problem was studied by Brouncker, Euler and
Lagrange along the 17th and 18th centuries.

In 1801, Gauss published Disquisitiones Arithmeticae, a major portion of which was
devoted to a complete theory of binary quadratic forms over the integers. He considered
questions of equivalence and reduction and introduced composition of binary quadratic
forms. These investigations of Gauss strongly influenced both the arithmetical theory of
quadratic forms in more than two variables and the subsequent development of algebraic
number theory, where quadratic fields are replaced with more general number fields.

Remember our original problem involving quadratic equations: how could we know if
a conic has one rational point? First, let us introduce one technic definition: let K be a
field, let V be a K-vectorial space with dimension n and let ¢ : V' — K be a quadratic
form. We can think in ¢ as a homogeneous polynomial of degree 2 in n variables. We say
that ¢ represents o € K if there exits v € V such that ¢(v) = a.
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If we consider a conic in the projective space P2, then its equation is given by a quadratic
form

q(z,y,z) = Az® + Bry 4+ Cy* + Daz + Eyz + Fz*

defined in Q. We can restatement the latter question and the problem of finding a rational

point on a conic so it becomes deciding whether the quadratic form ¢(z,y, z) represents 0.
In 1921, the German mathematician Hasse wrote a dissertation, under Hensel’s

supervision, containing the Hasse-Minkowski theorem, which answered the question:

Theorem (Hasse-Minkowski) Let K be a number field and let q be a quadratic form
in n variables with coefficients in K. Then q represents 0 if and only if q represents 0 in
every completion of K.

Minkowski showed the result for K = Q and Hasse generalized it.

This theorem is an example of a Local-Global principle, discovered originally by Hasse in
the 1920s, which let us deduce global properties (the existence of rational point of a conic)
from local properties (the existence of points on Q, and R). There are more local-global
principles in other branches of mathematics as the Gauss-Bonnet theorem in differential
geometry.

If we go back to history of algebraic geometry we can stress that the second early
19th century development would lead Riemann to the development of Riemann surfaces
and that in the same period began the algebraization of the algebraic geometry through
commutative algebra. The prominent results in this direction are Hilbert’s basis theorem
and Nullstellensatz, which are the basis of the connexion between algebraic geometry and
commutative algebra.

Later, in the 20th century, van der Waerden, Zariski and Weil developed a foundation
for algebraic geometry based on contemporary commutative algebra, including valuation
theory and the theory of ideals.

An important class of varieties, not easily understood directly from their defining
equations, are the abelian varieties, which are the projective varieties whose points form
an abelian group. The prototypical examples are elliptic curves, which have a rich theory
and are the object of study of the present text.

Elliptic curves are particular cases of cubic equations. A cubic in two variables has the
general form:

Az® + By + Cay® + Dy* + Ex® + Foy + Gy* + Hx + Iy + J = 0.

A cubic is said to be rational if the coefficients of its equation are rational numbers. A
famous example is 2% + y* = 1, or, in homogeneous form, 2® + 4> = 23. To find rational
solutions of 23 + y® = 1 amounts to finding integer solutions of z3 + 3% = 23, the first
non-trivial case of Fermat’s Last Theorem.
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We cannot use the geometric principle that worked so well for conics because a line
generally meets a cubic in three points. And if we have one rational point, we cannot
project the cubic onto a line, because each point on the line would then correspond to two
points on the curve.

But there is a geometric principle we can use. If we can find two rational points on
the curve, then we can generally find a third one. Namely, draw the line connecting the
two points we have found. This will be a rational line and it meets the cubic in one more
point. If we look and see what happens when we try to find the three intersections of a
rational line with a rational cubic, we find that we come out with a cubic equation with
rational coefficients. If two of the roots are rational, so is the third one.

When dealing with elliptic curves, this geometric argument define a “composition law”,
which we can represent by . This leads us to discover that rational points on an elliptic
curve E has an abelian group structure (section 2.2), i.e., (E,®) forms an abelian group.
Particularly, an elliptic curve E has a special element, namely O, such that for all P € F
we have P & O = P. This is not only true for rational points of E but for points lying in
an arbitrary field K.

Now that we know these facts, we could naturally wonder which porperties the group
(E,®) has. As a first approach we could try to find torsion points on E. We say that
P € FE is a torsion point of order m if

mP =P " P =0,

and the set of all torsion points on E of order m is denoted by E[m]. It turns out that if
E is defined over a field K with char(K) = 0, then

Z Z

This result is proven in chapter 2.

But we could go a little bit further and wonder which structure have rational points on
a elliptic curve. Dealing with this issue, Poincaré conjectured in 1901 that there exists a
finite set of points that would generate all of the (possibly infinite) rational points. This
was later proven, not only for rational points but for points lying on a number field, by
Mordell in 1922 [55]:

Theorem (Mordell-Weil) Let K be a number field, and let E be an elliptic curve.
Then the group of points in E whose coordinates are in K 1is finetely generated.

Chapter 3 is devoted to its proof.

The Mordell-Weil theorem implies that the group of points in £ whose coordinates are
in K, wich we write as F(K), must have the following structure:

E(K)~ E(K)ips ®Z",
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where E(K);ors is the torsion subgroup and r is called the rank of E(K). Little is known
about the rank of an elliptic curve. One conjecture dealing with the rank is that there
exists elliptic curves defined over Q of arbitrary large rank, but it remains unproven. In
fact, the highest rank of an elliptic curve that is known so far is equal to 19 and it was
recently found by Elkies in 2009 [19)].

Antoher conjecture, the most important one that exists nowadays about the rank of an
elliptic curve, is the Birch and Swinnerton-Dyer conjecture (BSD conjecture). It status as
one of the most challenging mathematical questions that has become widely recognized;
the conjecture was chosen as one of the seven Millennium Prize Problems listed by the Clay
Mathematics Institute in 2000. It relates arithmetic data associated to an elliptic curve
E over a number field K to the behaviour of an analytic function, called the Hasse-Weil
L-function, L(FE,s). For further information see section below.

More information is known about the torsion subgroup of an elliptic curve when K is a
fixed number field of low degree. Chapter 4 presents a summary of the knowledge we have
to date on this issue, including the most recent discoveries due to current mathematicians
like Najman, Parent, Kamienny, Stein, Stoll or Derickx.

If K =Qor [K: Q] = 2 all the posibilities for the torsion subgroup E(K)ys are
known, are finite and are established by Mazur (theorem and Kamienny-Kenku-
Momose (theorem respectively. Results like these for number fields of higher degree
remain unknown, but some information is available, like a bound for the possible prime
orders of points on a elliptic curve E defined over a number field K of degree d. In fact, for
d = 3,4,5 all possible prime orders are known. In other cases the bound known depends
only on d.

As Mazur’s theorem establish all the finite possibilities for E(Q)srs, the question now
is the following: given an elliptic curve E defined on Q, find E(Q);rs. Four algorithms
used nowadays to determine E(Q),.s are given in detail in chapter 5.

e Lutz-Nagell algorithm (section [5.2)). A theorem due to Lutz [47] and Nagell [57],
whom proved it independently in the 1930s, quite often allows a quick determination
of the torsion points on an elliptic curve over Q. A proof of this theorem is given in
this text, see theorem [5.2.8

e Division polynomials algorithm (section|5.3]). Division polynomials are a poweful
tool to determine wheter a point P is a m-torsion point of E(Q).

e Tate’s algorithm (section . This algorithm is based on the fact that an elliptic
curve with a point of order m > 4 can be written in a parametrical form, known as
Tate’s Parametrization (theorem [5.4.6)).

e Dude’s algorithm (section [5.5). Dude’s algorithm obtains torsion points of an
elliptic curve using an isomorphism between the curve and a quotient of C by a
lattice A.



Some of the most important problems in mathematics, both solved and unsolved
nowadays (like Fermat’s Last Theorem -proved by Wiles in 1995- or the BSD Conjecture
-still unsolved-); and some practical applications in modern technologies like cryptography
involves working with elliptic curves. An overview of how elliptic curves are implied in
these areas is included in appendix [A]
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Chapter 1

Background

In this first chapter we present a compilation of basic concepts from commutative algebra,
algebraic geometry and (algebraic) number theory. These concepts are supposed to be well-
known by the reader, because of that we omit most of the proofs. The aim of this chapter
is to make the present text as self-contained as possible. If the reader wants to deepen into
some topic of this chapter you can consult some basic references in commutative algebra
[2], algebraic geometry [27], algebraic curves [25] and algebraic number theory [54].

1.1 Affine Sets

Definition 1.1.1 (Algebraic Set and Hypersurface) Let K be a field. We define the
set of K-rational points of A" as

A"K) :={(x1,...,2,) 1 7; € K}.
If we consider a set S C K|[xy,...,x,], the (affine) algebraic set defined by S is
V(S)={PecA"(K): f(P)=0Vfe S}
Particularly, if S is a principal ideal, S = (f), we say that V' (S) = V(f) is a hypersurface.

Definition 1.1.2 (Ideal) Let X C A"(K) be a set not necessarily algebraic. The ideal
associated to X is the set

Z(X):={f e Klzxy,...,z,| : f(P)=0VP € X}.
Remark 1.1.3. We have the next two properties:
e If V is an algebraic set, then V(Z(V)) = V.

e Generally, Z(V(I)) # I although I is an ideal associated to an algebraic set.
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Definition 1.1.4 (Radical of an ideal) Let R be a ring and let I C R be an ideal. We
define the radical of I as the set

rad(I) =1 :={f € R:3n € Z, with f" € I}.

Theorem 1.1.5 (Nullstellensatz) Let K be an algebraically closed field and let J C
Klx1,...,x,] be an ideal. Then

Z(V(J)) = V.
This theorem let us set the following bijection
{Algebraic subsets in A"(K)} +— {Radical ideals in K[zy,...,7,]}

Theorem 1.1.6 (Hilbert’s Basis Theorem) If R is a noetherian ring, then R[z] is a
noetherian ring as well.

As ideals in a noetherian ring are finitely generated, the previous theorem tells us that
we just need a finite number of equations to describe an (affine) algebraic set.

We can define a topology on A™(K) defining the closed sets as the (affine) algebraic
sets. This topology is known as Zariski topology.

Definition 1.1.7 (Irreducible affine set) Let V' C A% be a nonempty algebraic set.
We say that V' is irreducible if whenever we write V as V = V; U V5 with Vi, V5 closed
sets, then either V =1, or V = 1%.

Theorem 1.1.8 (Decomposition Theorem) Let V' C A™(K) be an algebraic set. Then:
o We can write V=V, U---UV, with each V; irreducible fori=1,...,r.

o Furthermore, if every V; is different (particularly if V; € V; for any i,j), then the
sets Vi,..., V. are unique and are called irreducible components of V.

1.2 Projective Varieties

In this section, we recall the concept of projective space and define (projective) algebraic
sets, which we will use to define a (projective) algebraic variety and (projective) algebraic
curve. This sort of structure will be given by homogeneous polynomials. In the end of this
section we define and characterize singular points of an algebraic variety.

Definition 1.2.1 (Projective Space, P"(K)) Let K be a field. We define the projective
n-space over K as the set of (n + 1)-tuples

PYK):={[ap:...:a,) #0:a;, € K}/ ~,
where ~ is an equivalence relation defined by:

lag 1 ... ap] ~[bo:...: by LN dX € K, X\ #0, such that a; = \bo; Vi=0,...,n.
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Definition 1.2.2 (Homogeneous Polynomial and Ideal) We say that a polynomial

F € Klzg,...,z,] is homogeneous of degree d if every monomial of its has degree d.
An ideal I C K]xg,...,z,] is homogeneous if it is generated by homogeneous
polynomials.

Remark 1.2.3. Let I be a homogeneous ideal. It does not imply that every F' € [ is
homogeneous. For example, if we consider (x,y) C K[z,y|] we have that (z,y) is a
homogeneous ideal, but F = x + 3? is not a homogeneous polynomial, even if F' € (z,y).

Does homogeneous polynomials define functions? Let us cosider the next example.

Example 1.2.4 Let F € @[xﬂ,xl] given by F(xg,z1) = 22 + x?. We consider the point
P=[1:1]=[2:2]=Q € PY(Q). Then F(P)=2# 8= F(Q). So, F is not well-defined
on P'(Q), i.e., the value of F(P) depends on the choice of the homogeneous coordinates
for P.

Despite this fact, it make sense to ask whether a homogeneous polynomial vanishes,
F(P) = 0, since the answer is independent of the choice of P. Suppose that F €
K|z, ...,x,] is homogeneous of degree d and let [ag : ... : a,] ~ [bo : ... : by] be a
point on P"(K) with F(ao,...,a,) =0. Then

F(bo,...,by) = F(\ao, ..., a,) = \F(ag, ...,a,) =0 forall A\ € K.
We can now define a projective algebraic set:

Definition 1.2.5 (Algebraic Projective Set) Let P C Klzo,...,x,] be a set of
homogeneous polynomials. We define the algebraic (projective) set associated with
P as the set:

V(P):={P P K): F(P)=0VF € P}.

Particularly, if I C Kz, ..., z,| is a homogeneous ideal,

V(I):={PeP"K): F(P)=0VYF €I, F is homogeneous}.
Notation. If the algebraic projective set V' is defined over the field K we write V/K.
Theorem 1.2.6 (Projective Nullstellensatz) There exists a bijection

{Algebraic subsets of P"(K)}

{Radical homogeneous ideals I € Ky, ...,x,] such that I 2 (zg,...,z,)}

As we have defined affine and projective algebraic sets, a natural question it is whether
there is a relation between them. Note that there exists a relation between the affine space
and the projective space, given recursively by

P"=A"UP" !,
where the points at ”infinty” (P"~!) depends on the affine chart we are working with.

The relation between affine and projective sets is given by a homogenization process
for the polynomials.
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Definition 1.2.7 (Homogenized /dehomogenized polynomial) Let us define:

i) Let F' € K|xg,...,z,] be a homogeneous polynomial. The dehomogenized
polynomial associated with F with respect to z; is

F* = F(Z’O,...,xi,1,1,$i+1,...,l‘n) S K[wo,...,xi,l,xiﬂ,...,xn}.

ii) Let f € Klxy,...,z,], f # 0 be a polynomial of degree d. The homogenized
polynomial associated with f is

fr ::x0~f<—,...,—n).
To Zo

The homogenization/dehomogenization process behaves as follows:

Projective Part Affine Part
alg. ehomog.
vidpr e yaan
P>V U T el

where V is the projective closure of V on Zariski topology of P?, i.e., V is the projective

algebraic set whose homogeneous ideal I(V') is generated by

{f:felV)}.
It is natural to wonder whether the previous process is bijective, i.e.,

alg.

o If V C P"then V =VnNA"?

lg. _
o IfV'C A" then V =V N A"
The following proposition answers this question.
Proposition 1.2.8 We have the following results:

i) (Affine part of a projective set)
Let V. C P™ be an algebraic set. We define

I, :=(F,: F € 1(V) is homogeneous ); V. =V(,) C A"
Then, V., =V NA™

ii) (Projective closure of an affine algebraic set)
Let V € A" an algebraic set. We define

I = (f*: fel(V)) V*i=V({I*) C P

Then, V* =V.
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ii) (The homogenization-dehomogenization process is bijective)
Let V.. C A" be an affine algebraic set. Then V N A" = V. Furthermore, if V' is
wrreducible, then V' is irreducible as well.

iv) (The dehomogenization-homogenization process is bijective for irreducible sets)
Let V. C P" be a projective irreducible set, then either V. A" = (), or V N A" is
wrreducible. In the last case, we have V NA" = V.

There are some projective algebraic sets which are of particular importance:

Definition 1.2.9 (Projective Variety) Let K be a field. We call (algebraic)
projective variety defined over K to every algebraic irreducible projective set, V' C
P"(K).

We define now the concept of singular point of a projective variety. The definition given
here is actually a characterization of the set of singular points on projective hypersurfaces,
i.e., it is not a formal definition, but is all we need to develop the theory further.

Definition 1.2.10 (Singular Point) Let F be a homogeneous polynomial in
Klzg,...,z,), and let V := V(F) C P"(K) be an algebraic projective variety. We say
that a point P € V is singular if
OF OF OF
— P = —_—— P —— e e« T
a{L‘() 61'1( ) a{L‘n

Otherwise, we say that P is nonsingular or smooth.
Further, we say that V' is smooth if every P € V' is a smooth point.

(P) = 0.

1.3 Maps Between Projective Varieties

In this section we will see some different sort of maps between projective varieties and
some important results.

Definition 1.3.1 (Rings and fields of functions) We have the following definitions:
i) Let V' C A"(K) be an algebraic set. We define the affine coordinate ring of V" as

K[V] = K[z1,. .., 2] /T(V).

ii) Moreover, if V' C A™(K) is irreducible, the function field associated to affine
coordinate ring of V is
K (V) := Frac(K[V]).

iii) Let V C P"(K) be a projective variety. We define the projective coordinate ring
of V as
K[V]:= Klzo,...,z,]/Z(V).
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iv) The function field of V is defined by

K(V):= {g : F,G € K|xy,...,z,| homogeneous, deg F' = degG,G ¢ I(V)}.

v) Let V C P*(K) and let P € V N A" for some affine chart. We define the local ring
of V in P as:
Op = K[V]p
= K[VNA"p
= {F/Ge K(V):G(P)# 0}
= {f/ge K(VNA"):g(P)#0}.

Remark 1.3.2. We have G ¢ Z(V) in statement (iv) of the latter definition, but it may
exists P € V such that G(P) = 0. This sort of points are called poles and they are said
to be “at infinity”.

Moreover, Op is a local ring if P is smooth.

These definitions let us define the dimension of a projective variety as follows:

Definition 1.3.3 (Dimension of a projective variety) Let V' C P"(K) be a projective
variety. We choose a chart such that A" NV # () and define the dimension of V' as

dim(V) := deg.tr.(K(V))
where “deg.tr.” is the transcendence degree of the field extention K(V)/K.

If P eV, we define
Mp :={f c K[V]: f(P) =0}, (1.1)

that is the maximal ideal of K[V], since the map
K[V]/Mp — K; [ f(P)
is an isomorphism.

And, finally, we can define an algebraic curve:

Definition 1.3.4 ((Projective) Algebraic curve) A (projective) algebraic curve
is a projective variety of dimension 1.

The following theorem assures that we have always poles in functions defined over an
algebraic curve.

Theorem 1.3.5 Let C' C P be an algebraic curve and let f : C — PL. Then, either
f(C) is constant or f(C) =P
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Definition 1.3.6 (Rational map) Let V; C P™ and V> C P" two projective varieties.
A rational map between them, ¢ : Vi — V5, is ¢ = [fi,..., fu] where f; € K(V}) such
that Jig with f;, # 0 and such that if P € Vj, then every f; € Op and at least f;(P) # 0

for some i.
Definition 1.3.7 (Regular map) Let V; C P™ and V, C P™ two projective varieties. A
map between them, ¢ : Vi — V3, is said to be regular at P or to be defined in P if
dg € K(V}) such that:

e gfi€eOp Yi=1,...,n.

e i such that gf;(P) # 0.

In other words, ¢ = [f1,..., fal = [9/15- -5 9[n]-

The most interesting maps are those which are defined in all points of a variety:

Definition 1.3.8 (Morphism between projective varieties) A rational map between
projective varieties, ¢ : V; — V5 | is called a morphism if it is regular at P for all P € V;.

The following result tells us that morphisms between projective varieties are essentially
unique.

Proposition 1.3.9 Let o, : X — Y be two morphisms between projective varieties. If
there exists a non-empty open set U C X such that p|y = Y|y, then ¢ = 1.

Definition 1.3.10 (Birational equivalence) Two projective varieties X and Y are
biracionally equivalents if there exist rational maps ¢ : X — Y and ¢ : Y — X such
that ¢ o) = idy and ¥ o ¢ = idx as rational maps.

The following result charaterize birational equivalent varieties.

Theorem 1.3.11 Let X and Y be two projective varieties. The following statements are
equivalent

i) X andY are birationally equivalents.
ii) There exist nontrivial open sets U C X and U C'Y such that U ~ U’.
iii) The function fields are isomorphic, K(X) ~ K(Y).
We may have rational maps between projective varieties whose composition is the

identity but this does not mean that these two varieties are isomorphic, as we will see in
the following example.



8 CHAPTER 1. BACKGROUND

Example 1.3.12 Let S = V(y*2 = 2 + 2?2) and the following two maps:

S P!

(:L‘7ya Z) _ (y,l’)

(t(t? — s%),s(t? — $%),t3) <=—i(s,t)

It is easy to see that if we compose each map in both directions we obtain the identity
map, so S is birationally equivalent to P!. Nevertheless, they are not isomorphic because
S has a singular point, P = [0: 0 : 1], and P! is smooth. Alcutally, there exist open sets
of S and P! which are isomorphic.

Proposition 1.3.13 Let C' be a curve, let P € C be a smooth point and let p : C' —Y
be a rational map onto a projective variety Y. Then ¢ is defined on P.

Corollary 1.3.14 If C is a smooth curve and ¢ : C — Y s a rational map, then ¢ is a
morphism.

Example 1.3.15 Let C'/K be a smooth curve and let f € K(C) be a function. Then f
defines a rational map, which also be denote by f,

f:C— P P~ [f(P):1].
From Corollary [1.3.14] this map is actually a morphism. It is given explicity by

[1:0], if f has a pole at P,
[f(P):1], if fis regular at P.

Proposition 1.3.16 Let X, Y be two projective varieties and let ¢ : X — Y be a morphism
between them. Then o is closed, i.e., it takes closed sets into closed sets.

Proposition 1.3.17 Let ¢ : C; — Cy be a map of degree one (see definition|1.5.4]) between

two smooth curves. Then ¢ is an isomorphism.

1.4 Discrete valuation rings

Definition 1.4.1 (Discrete valuation) Let K be a field. A discrete valuation on K
is a map v : K — 7Z such that:

o v(zy) = v(z) +v(y),

o v(z +y) > min{v(z),v(y)},
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e v(0) =" + 00” (by definition).
The pair (K, v) is called a discrete valuation field.

If we have a map v : K — R with the same properties as above, we say that v is a
nondiscrete valuation or just a valuation on K.

Definition 1.4.2 (Equivalent valuations) Two valuations v; and v, are equivalent on
K if there exists s € R* such that v; = sv,.

Definition 1.4.3 (Discrete Valuation Ring, DVR) Let (K, v) be a discrete valuation
field. We define its associated discrete valuation ring as

Ay = {k € K : v(k) > 0}.

So defined, A, is a local ring with maximal ideal M, := {k € K : v(k) > 0}. As, in
particular, every DVR is a principal ideal domain (PID) the maximal ideal is generated by
one element. This element is so important that we are going to give it a name.

Definition 1.4.4 (Uniformizer) Suppose that M, = (t). Then the element ¢ is called
uniformizer. Another way of defining it is as an element ¢ € A, such that v(¢) is minimum
in U(K) N Zzo.

Moreover, if ¢ is a uniformizer and x € A, it holds that v(¢)|v(z), so we can suppose
that the valuation of a uniformizer is always 1. If not, since the image of the valuation v
is a subgroup of Z, namely v(t)Z, we can ‘normalize’ the valuation v defining v as

v(x)
v(t)

Proposition 1.4.5 If A is a PID then the following statements are equivalent:

o(x) =

i) A has exactly a nonzero prime ideal.
ii) Except for multiplication by units, A has exactly one prime element.
ii1) A is a local ring which is not a field.

Particularly, if A is a DVR the statements above hold. It is very important to emphasize
that if A is a DVR with uniformizer ¢, then every element a € A can be written uniquely
as

a=ut™,

where u is a unit in A, i.e., u € U(A); and m € Zso.

Theorem 1.4.6 Let C' be a projective curve.

P e C is smooth <— Op is a DVR.



10 CHAPTER 1. BACKGROUND

Example 1.4.7 (Local ring of rational functions) Let C' be a projective algebraic
curve and let P € C be a smooth point. We know that if tp € Op is a uniformizer, then
any element on the local ring of rational functions in P, f € Op, can be written uniquely
as

f =ty
where u is an invertible element and m is a nonnegative integer.
In fact, if ¢p is a uniformizer and we restrict the valuation (originally defined on the field

of functions) to the local ring (see the following example [1.4.8)) , we have that ordp(t) = 1.
This means that every uniformizer on Op has a simple zero and no poles at P.

Example 1.4.8 (The ordp valuation) Let C' be a curve and let P € C' a smooth point
on C'. We define the ordp valuation on Op as follows:

ordp : Op — {0,1,2,...} U {0}, fordp(f) =sup{d € Z: f € ML},

where Mp is the maximal ideal defined in expression [I.1] o
This valuation can be extended to a valuation on the rational function field K(C) as
follows: let F' € K(V), then F' = f/g with f,g € Op. Then

ordp(F) = ordp(f) — ordp(g) = #{Zeros of F' at P} — #{Poles of F at P}

Given one point P and a pair of functions f,g € K (V') it is clear that the latter expression
defines a valuation.

Example 1.4.9 (The p-adic valuation) Let K = Q and let p a prime number. We
define the p-adic valuation on QQ as follows:

If z € Q, we write x = p"%, where ged(p,a) = 1 = ged(p, b) and the n € Z is unique.
Then

is a valuation defined on Q.

1.5 Some properties of maps between curves

In this section we present some useful results about maps between curves.

Proposition 1.5.1 Let C7 and Cy be two projective curves defined over a field K and let
f: Cy — Cs be a nonconstant rational map. Then f is surjective.

PROOF. By theorem [1.3.11], we have that f is actually a morphism; and by proposition
1.3.16}, f is closed, thus f(C}) is a closed set in Cy and therefore f is surjective.
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Moreover, the composition with f induces an injection of function fields fixing K:
i K(Cy) — K(Ch)
¢ = [(p)=¢of
Theorem 1.5.2 i) Let Cy and Cy be curves over a field K and let f : C; — Cy a
nonconstant map defined over K. Then K(Ch) is a finite extension of f*K(Cs).

ii) Let v : K(Cy) — K(CY) be an injection of function fields fizing K. Then there exists
a unique nonconstant map f : C; — Cy defined over K such that f* = ¢.

PROOF.
i) See [28] I1.6.8]

ii) Let Cy C P*(K) and for each i, let g; € K(Cs) be the function on Cy corresponding
to X;/Xo. We assume that C5 is not contained on the hyperplane X, = 0, relabeling
if necessary. Then,

f = [17 L(gl)a SRR L(gn)]
gives a map f: C; — Oy with f* =
Let h € K(Cs) and P € C,

f*W(P) = (ho f)(P)
= ML, e(g1)(P), - - t(gn) (P)])
= h([e(1), e(g1)(P), - -, t(gn) (P)])
= h(([L, 91(P), - -, gn(P)]

Note that f is not constant, since g;’s cannot be all constant and ¢ is injective. Finally,
if f=1[fo,...,fn] is another map with f* =, then for each i, we take

fi/fO = f*gi = [Tg;i = L(Qi)»
which shows that f = f.
]

Definition 1.5.3 (Ramification Index) Let ) and Cy be two smooth curves defined
over a field K, let f : C7 — C5 be a nonconstant map and let P € ;. The ramification
index of f at P is given by

es(P) = ordp(typyo f)

where t¢py is a uniformizer at f(P). Note that ef(P) > 1. We say that f is unramified
at P if e;(P) =1; and f is unramified if it is unramified at every point P € C}.
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Definition 1.5.4 (Degree of a map) Let f : C; — Cy be a map between two curves
defined over K. If f is constant, we define deg f = 0; otherwise we say that f is finite and
define its degree by

deg f := [K(C1) : fTK(Cy)].

The context in which we are working, the extension K(Cj)/f*K(Cy) will be always
separable, so f will be always a separable map as well.

Proposition 1.5.5 For all P € Cy we have that deg f = # f~*(P), counting multiplicities.

Note that this proposition tells us that if C is a smooth curve and ¢ : C — P! is a
morphism, then #{Zeros of ¢} = #{Poles of ¢}, since deg(p) = #p1(0) = #o1(O).

Proposition 1.5.6 Let f: C; — Cy be a nonconstant map between smooth curves.

i) For every Q € Cs,
Z er(P) = deg f.

Pef~1(Q)

ii) For all but finitely many Q € Cs,
#f71(Q) = deg f.
ii1) Let g : Cy — C3 be a nonconstant map. Then for all P € CY,
egof (P) = e(P)eg(f(P)).

PROOF.

i) See [28] 11.6.9]
i) See [28, IL.6.8]

iii) Let ¢7p) and t47(p) be uniformizers at f(P) and (go f)(P) respectively. By definition
of ramification index,

e P def
ordy(p) (£ ) = €, (F(P)) = ord i) (tysry © 9)-

Aplying f* and taking orders at P yields

ordp(t2Y") o £) = ordp(tysey © (90 f) = ex(P)eg(f(P)) = eqor(P).
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Remark 1.5.7. This last proposition tell us that if we have two nonconstant maps between

smooth curves C'y ER Cy L Oy then

deg(g o f) = (deg g)(deg f).

PROOF. On one hand we have that for every () € C3 and for every R € (Y, respectively

degg= > ey(R); degf= Y ef(P).

Reg~(Q) Pef~1(R)

So if we fix Q € Cs and consider, for every R € ¢7'(Q), the set Pr = f~'(R), then
R = f(P) for every P € Pg, and thus

Reg(Q) < f(P)eg(Q) <= Pe(fog) '(Q)

Then we have

(deg f)(degg) = | > es(P) D> ey(R)

Pef-1(R) Reg=1(Q)

=| X P Y. R

Pef~1(R) Pe(fog)~1(Q)

= Y e(P)-ey(f(P))

Pe(fog)~1(Q)

= Z egor (P)

Pe(fog)~1(Q)
= deg(go f).

g

Corollary 1.5.8 A map f: C1 — Cy is unramified if and only if #f1(Q) = deg f for
all Q € Cs.

PROOF. From proposition i, #f71Q) = deg f for all Q € C; is equivalent to

Y e(P)=#FQ).

Pef~1(Q)

But since ey(P) > 1, this occurs if and only if e;(P) = 1, it is to say, f is unramified.
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1.6 Divisors and differentials
We now recall the divisors and differentials of a curve and their main properties. From
now on, C' will be a smooth projective curve.

Definition 1.6.1 (Divisor) A divisor of C' is the following formal sum
D:=> np-P,

where np € Z with np = 0 for all but finitely many P € C.
Moreover, given a divisor D of a curve ', we define its support and its degree as

sup D :={P € C :np # 0}, degD::an.

The set of divisors of a curve, denoted by Div(C), is a free abelian group over the
points of C'. We also define

Div*(C) := {D € Div(C) : deg D = d}.

Definition 1.6.2 (Divisor of a rational map) Let f € K(C) be a nontrivial rational
map. We define its divisor as

(f) = Z ordp(f) - P.

pPcC

Note that the degree of (f) will be always zero since the number of zeros and poles of
f has to be equal by proposition [1.5.5]

Definition 1.6.3 (Principal divisors subgroup and Picard group) The set
Prin(C) = {(f) : f € K(C)}

is known as principal divisors subgroup of C' and
Pic(C) := Div(C)/Prin(C)

is called Picard group of C.

As Pic(C) is a quotient, there exists an equivalence relation between divisors:
D=D <= 3fe€ K(C):D—-D" =(f).
Note that D = D' = deg D = deg D', but it does not hold the other implication.

Furthermore, an order relation can be defined between divisors of a curve:
If D=> npP and D =) npP are two divisors of C,

D>D gnpzn;; VP e C.
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Example 1.6.4 Let char(K) # 2 and let ey, ez, e5 € K be three different elements. Let
C:y?=(v—e)(z—er)(x —e3).

It is easy to prove that C is a smooth plane cubic curve with an unique point at infinity,
namely
Po=10:1:0].

Let Py=1[e; : 0: 1] and let F;,G € K(C) fori=1,2,3 defined as

E:$_€iH0:m.I_Z€i’ G Hom.g
Z z
We want to find (F;) and (GQ).
Let P():(Zb'o,yo)ECWithPO#Pl,PQ,Pg. IHOPO we have
Mp, = (v — 20,y — Yo)-

And clearly ordp,(F;) = 0 because F; has neither zeros nor poles at F.

In Op, we have

Mp, = (z — e;,y), MI%i = ((z — ;)% (z — ey, v°).
As we have
y?
Fi =T —€ = )
(z —ej)(z —ex)
then

ordp,(F;) = ordp,(y*) — ordp,((z — ¢;)(xz — ex)) =2 ordp,(y) —0=2-1=2,
because y is a uniformizer at P; since it has a simple zero at it; and clearly
ordp,(F;) = 0.

Now, by proposition [1.5.5] F; has the same number of zeros and poles, and we have just
seen that ordp(F;) = 0 for all P # Py, P,, and P; is a double zero, thus P, must be a
double pole. We can write then

(F;) = (x —e;) = 2P, — 2P,..

On the other hand, if we let Py = (x¢,yo) € C with P # Py, P;, P3, then

ordp,(G) = ordp, <g> =0,
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because clearly G has no poles at Py and the only zeros it has are at P;, P, and Pj since

(x — ze1)(x — ze)(x — ze3)

CN{y=0}={[z:0:2]: =0} ={P, P, P3}.

If we take a look at Mp, and M3 , we can write
ordp,(G) =1, fori=1,2,3;
and using again proposition [1.5.5| we can conclude
(G)=(y) =P+ P+ P; — 3Px.

We introduce now the vector space of differential forms on a curve which will be useful
for proving that an elliptic curve can always be written in a Weierstrass form -theorem

212

Definition 1.6.5 (Differential) Let C' be a curve. The space of (meromorphic)
differential forms on C', denoted by ()¢, is the K-vector space generated by symbols of
the form dz for x € K(C'), subjet to the usual relations:

i) d(x +vy) = dx +dy for all x,y € K(C).
ii) d(zy) = xdy + ydx for all 2,y € K(C).
iii) d\ =0 for all A € K.
The following proposition collects some properties of differential forms:
Proposition 1.6.6 Let C be a curve and let t € K(C) be a uniformizer at P € C.

i) For every w € Q¢ there ewists a unique function g € K(C) depending on w and t
satisfying
w =g dt.

We denote g = w/dt.
i) Let f € K(C) be a regular map at P. Then df /dt is also regular at P.
ii1) Let w € Q¢ with w # 0. The quantity

ordp(w/dt)

depends only on w and P, and it is independent of the choice of uniformizert. We
call this value order of w at P and denote it by ordp(w).

w) Let x, f € K(C) with z(P) = 0 and let char(K) = 0. Then

ordp(fdx) = ordp(f) + ordp(x) — 1.
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v) Let w € Q¢ with w # 0. Then
ordp(w) =0
for all but finitely many P € C.

Definition 1.6.7 (Divisor of a differential form) Let w € Q¢. The divisor

associated to w is
(w) = Z ordp(w) - P.
pPeC

Note that (w) € Div(C).
The differential w € Q¢ is called regular (or holomorphic) if
ordp(w) >0 for all P € C,
and it is nonvanishing if
ordp(w) <0 for all P € C,

Remark 1.6.8. If wy,ws € Q¢ are two nonzero differentials, then proposition [1.6.6}i implies
that there exists a function f € K(C)* such that w; = fws. Thus

(wi) = (f) + (w2),
which shows that the following definition makes sense.

Definition 1.6.9 (Canonical divisor class) The canonical divisor class on C' is the
image in Pic(C') of (w) for any nonzero differential w € Q¢. Any element on this divisor
class is called canonical divisor.

We can associate one divisor to every differential form of a curve C' as in the following
example:

Example 1.6.10 Let C' be the curve
C:y*=(v—e)(x—er)(w—e3),

where we continue with the notation from example |1.6.4. We want to calculate (dx) and
(dz/y).

Let Py = (z9,y0) € C with Py # Py, P, P;. Note that t = x — x( is a uniformizer on
Op and that dz = d(z — x). Thus we have, by proposition [1.6.6iv,

ordp,(dz) = ordp,(d(x — x¢)) = ordp,(1) + ordp,(r —x9) —1=0+1—-1=0.

Now, we study the points P; for ¢« = 1,2, 3. We also have that ¢ = x —e; is a uniformizer
for P, and dx = d(z — ¢;) for i = 1,2, 3. Using proposition [1.6.6/iv again we have that

ordp,(dz) = ordp,(d(x —€;)) = ordp, (1) + ordp(x —€;) =1 =04+2—-1=1.
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The last point that remains unstudied is Py, = [0 : 1 : 0]. Note that

o= (%) = a(20) - A2l ) (12)

z
A uniformizer for P, is t = x/y and as we saw in Example [1.6.4, ordp,_(y/z) = —3, so we
can write

==,
Y
for come f € K(C) and f(Ps) # 0. Using now t = x/y, z/y = t*f and equation ,
z\ B f—tBEf+ ) t3(=2f +tf) 5
dr=d(%) = i It = =gt =1 gl

where g € K(C) with g(Ps) # 0. We can conclude that

z

ordp,_(dr) = —3.
Summing up all the work above, we get
(dr) = P+ Py + P; — 3P,.
We thus see that

d emil.0.8 1
(5) ' (§)+<d:c) = —(y)+(dz) = =Py — P, — Ps+3P+ P+ P+ P3—3P,, = 0.

Hence the differential dz/y is both holomorphic and nonvanishing.

1.7 The Riemann-Roch theorem

Definition 1.7.1 (Positive divisor) A divisor D = Y npP is positive, denoted by
D >0, if np >0 for every P € C.

Definition 1.7.2 (The L(D) space) Let D be a divisor of C. We define
L(D):={f € K(C): D+ (f)>0}uU{0}.

If we write D = D, — D_ =Y n; P, — > m;Q; with n;,m; > 0, we can see the space
L(D) as maps which have zeros of order at least m; at (); and which can have poles only
at P; with order at most n;.

Proposition 1.7.3 Some properties of the L(D) space are:

i) L(D) is a finite-dimensional K -vector space which dimension is denoted by

(D) = dimy(L(D))
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ii) D< D' = L(D) C L(D').
i) D = D' = L(D) = L(D') as vectorial spaces over K.
iv) deg D = 0= L(D) ={0}.

v) L(D) has a basis consisting of functions in K(C').

Theorem 1.7.4 (Riemann-Roch theorem) Let C' be a smooth projective curve.

(Riemann) There exists an integer g = g(C'), called genus of C, such that for all D € Div(C)
the following inequality holds:

((D)>degD+1—g.

(Roch) There exist an integer g and a canonical divisor K¢, such that for all D € Div(C)
the following equality holds:

((D)=degD+1—g+I(Kc— D).

Corollary 1.7.5 Some important results which can be deduced from the Riemann-Roch
theorem are the following:

ZZ) D:Kc:>degKC:2g—2.
iii) degD > 29 —2={¢(D)=degD+1—g.

(d—1)(d—2)

w) If C is a smooth plane curve with degree d, then g(C) = 5

v) The dimension of L(D) is finite.

Proposition 1.7.6 Let C' be a smooth curve and let D € Divg(C). Then L(D) has a
basis consisting of functions in K(C).

1.8 The Hurwitz formula and Bezout’s theorem

In this section we recall two fundamental results: the Hurwitz formula, which provides
a relation between the genus of projective varieties and ramification index of separable
morphisms of curves; and Bezout’s theorem, which concerns the number of intersection
points of two plane algebraic curves.
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The Hurwitz formula

Let C; and C5 be two smooth projective curves defined over a field K and let f : C} — Cs
be a separable nonconstant morphism. We fix a point P € C and call Q) = f(P). Let tg
be a uniformizer in Og. If we consider the composition f*¢ :=to f: Cy — P!, we have

#t € Op.

Theorem 1.8.1 (Hurwitz formula) Let C, and Cy be two (smooth) curves defined over
a field K of genus g1 and go respectively. Then,

291 — 2> (deg f)(2g2 —2) — > (ep —1).
pPeCy

Moreover, the equality holds if char(K) {ep for any P € C.

Bezout’s theorem

Let K be an algebraically closed field and let F,G € K[z,y,2] two homogeneous
polynomials of degree d and e respectively and with no common factors.

Note that it is not required that the two polynomials above are irreducible or have all
their factors different. For example, we admit two different lines F' = xy or a double line

G = 22

Definition 1.8.2 (Multiplicity of intersection) Given two plane projective curves
F=0y G =0and P ¢ P?, we want to define the multiplicity of intersection of I and
G at P. As this definition is local, we can consider an affine chart, f := F,, g :== G,, and
define the intersection for affine curves. Bearing in mind this consideration, we define the
multiplicity of intersection as the nonnegative integer

Op(A?)
(f,9)

where Op(A?) = Op(P?) is the local ring on the plane (not on the curves) at P.

I(P,FNG):=I1(P, fNg) =dimg

Theorem 1.8.3 (Bezout’s theorem) Let F' = 0,G = 0 be two plane projective curves
with no common components. Then,

> I(P,FNG)=degF - degG.

PelP?
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1.9 Absolute values, valuations and completions

Recall the definition of an absolute value defined on a field K:

Definition 1.9.1 (Absolute Value) Let K be a field. An absolute value on K is a
map | - |1 K — Ry such that for all z,y € K,

i) || =0 <= 2 =0,
i) |eyl = |2[ - lyl,
iii) |o +y| < |z + [y].
Lemma 1.9.2 Let |- | be an absolute value on a field K. Then
a) |1 =1.
b) || =1 forall ¢ € K, with (¢ =1 for somed € N, d # 0.
c) |7t = |z|7! for allz € K.

d) ||lz] = |yl < e —y| for all z,y € K.

PROOF.
a) [1P =12 =1] = || =1L

b) [K*=[¢l=M1]=1 = [¢]=1.
c) I=loa™!| =alla™] = |2[7" =[z7"].
d) Mzl =l = llz =y +yl = [yl < lle =yl + ly[ = [yl = |z — yl.

U

We say that an absolute value is non-archimedian if for all x,y € K the following
inequality holds:

|z + y| < max{|z], y|}.

Example 1.9.3 The usual absolute value over Q is archimedian.

If we define
d: K x K —R; d(z,y) = |z —y,

d is clearly a metric on K and we have a topological structure on K.

Definition 1.9.4 (Equivalent absolute values) We say that two absolute values are
equivalent if they define the same topology on K.
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It is easy to prove these two following results:

Theorem 1.9.5 Let ||, and |- |2 be two absolute values on K.
|- |1, |- |2 are equivalents <= 3Js € R such that |z|, = |z|3, Yz € K.

Corollary 1.9.6 Let |- |; and |- |2 be two absolute values on K. They are equivalent if,
and only if,
|z <1 <= |z]a <1Vz € K.

If we call Absk to the set of all absolute values defined over K, we can define a
equivalence relation on Absg as follows:

|- 1 R| - |2 &L | - |1 and | - |5 are equivalent.

Definition 1.9.7 (Place) Let K be a field, let Absy be the set of absolute values defined
on K and let R be the previous relation. Then we call the quotient set

MK = AbSK/R

a place of K.

We also define the following sets::
Mg ={|-|, € Mk : v archimedian on K};
My :={| |, € M : v nonarchimedian on K}.
We show now the relation between nonarchimedian absolute values and valuations.

Theorem 1.9.8 Let | | € MY and s € R, s > 0 then the map

—sloglz|, ifz#0

vs: K — RU{oo}; US(x)I{oo fao=0

is a valuation on K. Furthermore, if s,s' € R, with s,s' > 0 and s # §', v, is equivalent
to Vgt .
Conversely, if v is a valuation on K and g € R, ¢ > 1, the function

—v(x) ;

q . ifx #0.

|- |g: K = R; 2|, = L
0, if v =0,

defines an absolute value on K.

PROOF. We just have to prove that vy and | - |, are respectively a valuation and an
absolute value on K checking the definitions. We start with v,. Let z,y € K.
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i) Obviously, vs(z) = co <= z = 0, by definition.
i) fz =0o0ry=0, vs(xy) = 00 = vs(x) + vs(y); but if x,y # 0,

vs(zy) = —slog|zy| = —s(log|z| +log|y|) = —slog|z| — slog|z| = vs(x) + vs(y).

iii) It remains to check that vs(x + y) > min{vs(z), vs(y)}.
It is obvious for x = 0 or y = 0. Suppose that x,y # 0, then we have
vs(z +y) = —slog|z + y|
|-leMy
< —slog(max{|z|,[y[})
= min{—slog|z|, —slog[y[}

= min{v,(x), vs(y) }.

Furthermore, let s,s" € RT with s # &', then
gl R ’ B
vu(2) = ~slogla] = - (~s/log |a]) = > - vy (x).

We check now that | - |, is an absolute value on K.
i) Obviously, |z|, =0 <= x =0, by definition.
ii) If x =0 or y = 0, then |zy|, = 0 = |z|,|y|,; but if z,y # 0,

lzy|, = g UY) = @) — (@)l — |2]4|Ylq-

iii) It remains to check that |z + y|, < |z|, + |yl4-
It is obvious if x = 0 or y = 0. Suppose that x,y # 0, then we have

\x + qu — qfv(xﬂ/)
<q min{v(z),v(y)}

= max{q~*@, ¢W}

= min{|z|q, [yls}
< |x|q + |y|q-

Therefore, we have just checked that |-|, is a nonarchimedean absolute value on K. Assume
log ¢

ow g’ then for all nontrivial
0g4q

now that ¢,¢ € R with ¢,¢' > 1 and ¢ # ¢. If we set r :=

x € K, we have
2]y = ¢ = (¢) W = |2},
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So, if | - |, € MY, we can set
v(x) := —log |z,

and consider the normalized valuation for v, ord,, satisfying ord,(K*) = Z.
Moreover, we denote the ring of integers of (K, |- |,)

R={reK:|z|,<1}={r € K :v(zx) > 0};
and unit group of R
R ={reK:|z|,=1} ={z € K :v(x) =0}.
We recall now the definition of a complete field and define the concept of completion.

Definition 1.9.9 (Cauchy sequence) Let K be a field and | - | € Mg. A sequence (x,,)
in K is called a Cauchy sequence if for all € > 0 there exists N € N such that

|zy — x| <e Vn,m > N.

Definition 1.9.10 (Complete field) A field K with an absolute value |- | € M is
complete if any Cauchy sequence converges to an element in K.

Theorem 1.9.11 Let K be a field and |- |, € My. Then, there exists a unique, up to
K -isomorphism, complete field K, with an absolute value | - |k, such that K is embedded
in K, as a dense subfield and | - |, is a restriction of | - |k,, i.e., ||k, = |z], if v € K.

PROOF. Let C be the set of all the Cauchy sequences in K with respect to |- |,. Define
the addition and multiplication as follows

(#n) + (Yn) = (Tn + Yn); (@n)(Yn) == (Tnyn) Vn € N.

Indeed (C, +, -) is aring. Let M C C be the set of all the Cauchy sequences which converges
to zero. It is easy to see that M is a maximal ideal of C. Set now

K, :=C/M.

Clearly, K, is a field. Moreover, we have the an injection K — K, by sending a € K to
the equivalence class of the sequence (a,a,a...). We can write then K C K.

Now we have to define an absolute value in K,. Take a € K, and let (a,) € C be a
representative of the equivalence class of a. As (a,) is a Cauchy sequence, we have that
(Jan|y) converges in R because we have ||an |y — [@m|o|v < |an — amly by lemma[l.9.2] Set

la|k, := lm |ag],-
n—oo
Then | - | g, is an absolute value on K, and if a € K we have |a|k, = |a|,. Furthermore,

lim a, = a
n—oo
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is in K,, so K is dense in K,, and K, is complete with respect to | - |, .

It remains to see that K, is unique up to K-isomorphism. Let K/ be another field
complete with respect to an absolute value | - [, such that K is dense in K7, and for all
r € K, |z|k, = |z],. Take a € K, and let (a,) be a representative of a. Then in K, this
Cauchy sequence converges to an element o’ € K| because K is dense in K. Define now
the function

o: K, = K; o(a) =d.

Defined like this, o is a K-isomorphism and we have that |a|x, = |o(a)|k; because
lal, = Jim lanl, = lim |’li; = lo(@)le,-
U

Definition 1.9.12 (Completion) The field K, is called the completion of (K, |- |,).
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Chapter 2

Group structure of an elliptic curve

An elliptic curve E defined over a (perfect) field K, denoted by E/K, is a pair (E,O)
such that E is a projective smooth curve of genus 1 defined over K with a rational basepoint
O € BE(K).

In this text we want to focus on the study of the set of K-rational points on an elliptic
curve F:

E(K)={(z,y) € E: z,ye K} U{O}.

Integer points on elliptic curves are well understood. Siegel [72] proved that on any
curve of positive genus there are only finitely many integer points. If we consider elliptic
curves (genus 1), Baker and Coates [3] established an effective version of this result. In
fact, they found an explicit upper bound on the size of the possible integer points.

For rational points on elliptic curves, Poincaré [66] conjectured in 1901 that there exists
a finite set of points that would generate all of the (possibly infinite) rational points. This
was later proven by Mordell in 1922 [55]. So far, Mordell’s method often allows one to find
such a finite generating set, but it has not been proven to always work.

In this chapter, we focus on the study of the structure of rational points on an elliptic
curve E defined over a number field K. We show that the set E(K) forms an abelian group
and analyze its structure and the m-torsion subgroup structure. The m-torsion subgroup
of an elliptic curve E/K, denoted by E(K)[m], is the group of points on E(K) whose order
is exactly m.

We first show, using the Riemann-Roch theorem, that elliptic curves can always be
written in a special way: the Weierstrass form (section . We will see then that points
on elliptic curves form an abelian group with an explicit group law given by rational
functions (section . Then we introduce the natural morphisms between elliptic curves,
known as isogenies (section wich are important to deduce the m-torsion subgroup
structure of an elliptic curve (section [2.4)).

27



28 CHAPTER 2. GROUP STRUCTURE OF AN ELLIPTIC CURVE

2.1 Elliptic curves and Weierstrass form

First we show that, using the Rieman-Roch theorem [1.7.4] every elliptic curve can be
written as a plane cubic, an conversely, that every smooth plane cubic written in a
Weierstrass form:

E:y? + aixy + asy = 2° + axx® + aux + ag,

with a; € K, is an elliptic curve.

Before, we prove an auxiliary result:

Lemma 2.1.1 Let C be a singular algebraic curve defined over K given in a Weierstrass
form,
C vy +arxy + asy = ° + a2 + agx + ag,

with a; € K. Then C' is birationally equivalent to P!,

PROOF. 1f C is a singular algebraic curve given by a Weierstrass equation, then it has
only one singular point (see proposition below). Making a linear change of variables,
we may assume that the singular point is (z,y) = (0,0). Checking partial derivatives, we
see that the Weierstrass equation has the form

C:y? 4+ axy = 2° + axz®

Then the rational map
¥:C— P (z,y) = [z 1y,

shows that C' and P! are birationally equivalent, since it has an inverse given by
¢ : Pt — C; [1:t] = (2 + art — ag, t* + a1t® — ast).

This inverse is reached by calling ¢t = y/z and dividing the Weierstrass equation by 2,
obtaining
t2+a1t:x+a2,

which shows that both x and y = tz are in K (t).

Theorem 2.1.2 Let E be an elliptic curve defined over K.
(i) There exist functions x,y € K(F) such that the map
¢: E — P2 ¢=lx:y:1]
gives an isomorphism of E onto a curve given by a Weierstrass equation,
C:y + awy + agy = 2° + ax3” + auw + ag,

with a; € K and satisfying ¢(O) = [0 : 1 : 0]. Functions x and y are called
Weierstrass coordinates for the elliptic curve E.
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(i) Any two Weierstrass equations for E as in (i) are related by a linear change of
variables of the form

T =u’r 4+, y = udy' + sux’ +t,
with w € K* and r,s,t € K.

(i1i) Conversely, every smooth cubic curve C given by a Weierstrass equation as in (i) is
an elliptic curve defined over K with a base point O = [0:1:0].

PROOF.

(i) Let E be an elliptic curve. We want to find a plane cubic curve C' isomorphic to E.

We know that, by definition, £ has genus one, i.e.,
ge = 1.
The Riemann-Roch theorem [L7.4] tells us that
(D) = deg D provided deg D > 1.

Particularly,
{(nO) = n, for all n € N.

By proposition [1.7.6] we can choose functions in K (E) which form a basis of L(nQO).
Let z,y € K(FE) be two functions with poles of order 2 and 3 at O respectively. Let
us consider some cases:

(a) Let P € E. Then ¢(P) =1 and then L(P) = K. But L(P) certainly contains
the constant functions, which have no poles. In particular, if we set P = O,
this shows there are no functions on E having a single simple pole.

(b) ¢(20) =2, and {1,z} provides a basis for L(20) since
ordo(x) = =2 and x ¢ L(O).
(c) £(30) =3, and {1,z,y} provides a basis for L(30) since
ordo(y) = —3 and y ¢ L(20).
(d) £(40) =4, and {1,z,y, z*} provides a basis for L(40) since
ordp(r?) = —4 and 2% ¢ L(30).
(d) £(50) =5, and {1, z,y, 2% xy} provides a basis for L(50) since

ordo(zy) = =5 and zy ¢ L(40).
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(e) Finally, we have that £(60) = 6 and {1, x,y, 2% zy, 23 y*} C L(60) since
orde(z*) = ordo(y*) = —6 and 23 y* ¢ L(50).

But the set {1, z,y, 2%, xy, x*, y*} consist on 7 functions, so they must be linearly
dependent, i.e., there exist coefficients A; € K fori=1,...,7, not all zero, such
that

A+ Agx + Asy + Ayx? + Asay + Aga® + Azy® = 0.

Note that Ag - A7 # 0 because otherwise we would have that the set
{1,z,y,2% xy} would be linearly dependent and it is not. We make now the
following change of variables

r = —AgArz, y = AgAZy
and divide by A3 A1 and we obtain the following Weierstrass equation:
C:y? 4+ a1xy + asy = 2> + axx® + asx + ag,
with a; € K for ¢ = 1,...,6. This gives a map
¢: E— P ¢(P) = [z(P) - y(P) : 1],

whose image lies in the locus decribed by a Weierstrass equation. Moreover, as
¢ : E — ('is a rational map and FE is a smooth curve then, by corollary
¢ is a morphism. We have also that

since y has a higher-order pole than x at the point O.

We can assure that ¢ is nonconstant because, as y € K(F), there are a finite
number of points P € F(K) such that ordp(y) # 0. If P is such a point, then
we have that

z(P) 1

y(P):lzy(O)}#[Ozl:O]'

This proves that ¢ : E — (' is a nonconstant morphism between curves and
then by proposition [1.5.1} ¢ is surjective.

Provided ¢ : E — C C P2, the next step is to prove that deg ¢ = 1 or, equivallently,
using theorem |1.5.2) that K(F) = K(z,y) = K(C). Consider the map

m B — P P [z(P) : 1].
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Since x has a double pole at O, and no other poles, proposition [1.5.6la says that m;
has degree 2, so [K(F) : K(z)] = 2. Similarly, if we consider the map

Ty 1 B — P P [y(P):1],
it has degree 3, so [K(FE) : K(y)] = 3. We have then the following tower of fields:

Therefore [K(F) : K(x,y)] divides both 2 and 3, so it must equal 1.

Now we show that C' is smooth. Suppose that C is singular. Then, by lemma
, there exists a rational map v : C — P! with degt = 1. It follows that the
composition ¢ o1 : £ — P! is a map of degree 1 between two smooth curves, so by
proposition [1.3.17] it is an isomorphism. But this contradicts the fact that F has
genus one and P! has genus zero. Therefore C' is smooth.

Applying again proposition [1.3.17], as ¢ : F — C is a map of degree one between
smooth curves, it is an isomorphism.

Let {z,y} and {2/,y'} be two sets of Weierstrass coordinate functions on F. Then
x and 2’ have poles of order 2 at O and y and 3’ have poles of order 3 at O. Hence
{1,z} and {1,2'} are both basis for L(20) and similary {1,z,y} and {1,2',y'} are
both basis of for L(30). Thus there are constants uy,us € K* and r, s9,t € K such
that
r=wax +r, and y = ugy + sox’ +t.

Since both (z,y) and (2/,y’) satisfy Weierstrass equations in which Y2 and X? have
coefficient 1, we have u? = u3. Letting u = uy/u; and s = sy /u® puts the change of
variables formula into the desired form.

Let C' be an elliptic curve given by a nonsingular Weierstrass equation. As C'is a
smooth plane curve of degree d = 3, by a corollary of the Riemann-Roch theorem

(corollary v), we have that
(d—1)(d—2)

Q(C)Zle

so C' has genus one, and taking @ = [0 : 1 : 0] as the base point makes C' into an
elliptic curve.

g



32 CHAPTER 2. GROUP STRUCTURE OF AN ELLIPTIC CURVE

Moreover, if char(K) # 2, we can simplify the Weierstrass equation by completing

squares and replacing y +— E(y — a1 — ag), which gives an equation of the form

E y2 = 4.1'3 + bQ.Z'Q —+ 2b4§C + bﬁ,

where

bg = CL% + 4&2,
b4 = 2@4 + aias, (21)
b6 = Ojg + 4&6.

We also define the following quantities:

bs = afaﬁ + 4dasag — ajasay + a2a§ — ai,
cy = b3 — 24by,

c = by + 36byby — 216bg,

A = —b3bg — 8b; — 27bz + babybs,
j=ci/A.

A is called the discriminant and j, the j-invariant of the elliptic curve.

If also char(K) # 3, a simpler equation yields by replacing = +— (z — 3by)/36 and
y — y/216:

=—27cq4, B=—54cg

E:y2:x3—27c4x—5406 4 E:y2:x3+Ax—|—B. (2.2)
And in this new equation, known as Weierstrass short normal form, we have

A = —16(4A% +27B?), j = 1728(4A)/A.

Remark 2.1.3. We could wonder which change of variables fixes O = [0 : 1 : 0] and
preserves the Weierstrass form of the equation. This change of variables is called the
standard change and is given by

r =ulx +r,

y = udy + ulsx’ +t,

where u,r,s,t € K,u # 0. It is now easy to make this substitution and compute the a;’s
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coefficients and associated quantities:

Associated quantities

ualy = ay + 2s

u?aly = ay — sa; + 3r — s

udal = a3 +ra; + 2t

ulal, = ay — saz + 2ras — (t +rs)a; + 3r? — 2st
ubal = ag + ras + r’ag + r® — taz — t* — rtay
u?bly = by + 12r

u4b£1 = b4 + ’I“bg + 67“2

uSbly = bg + 2rby + r2by + 4r®

uBby = bg + 3rbg + 3r2by + 130y + 31

u'dy =¢y
uScl = cq
A =ul2A
j'=17

Remark 2.1.4 (Preserving the Weierstrass Short Normal Form in Q). Assume that we have
an elliptic curve E defined over Q whose Weierstrass short normal form is given by

E:y* =2+ Az + B.

Then, the only linear changes of variables preserving this Weierstrass short normal form
are given by
r — ula, y = udy,

for some u € Q. Such a change behaves as follows:

2 3 6/,/\2 6/,..\3 2,/ AV "3 A /
y=2"+Ar+B = () =u @)+ A+ B = (y)" =)+ 52"+ —.
In fact, this argument shows that one can always assume A and B to be in Z. If they

were not in Z, we could write

A=t p_P
q1 q2

Y

with p1,p2,q1,q2 € Z and qq, g2 # 0. If we consider the change of variables
1\? 1\’
T (—) x, Y (—) Y,
41492 4142

W) = (& + A+ B
where A" = p1¢2q5 € Z and B’ = po¢iqs € Z.

we obtain the equation
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Moreover, it also implies that the number A3/B? is an invariant of the equivalence
class of elliptic curves in Weierstrass short normal form up to linear changes of variables,
because

A\3
(A’)3 (E) A3q12 A3
(B/)Q - (3)2 - B2yl2 B2’

ub

Of course, even if two curves
E:y’=2>+Az+ B and E:y*=23+Cx+D

verify A%/B? = C3/D? this does not mean that they are equal up to some linear change
of variables in the previous form. In fact, it is fairly elementary that this happens if and
only if the following condition holds: there exists a rational solution u for the system

This fact is easy to prove:
(=) Suppose that F ~ E’. It means that there exists u € QQ such that the linear change
of variables = — u?a’, y — u3y’ gives us

A A
E:C, U4:5,
<
B . B

In other words, that there exists a rational solution of this system.

<) Starting from F and usin e change of variables z — w”2’, y — u’y’, where
Starting f E and using the change of variabl 22!,y 34/, wh
u € Q is a solution of the system, we get

A B A B
2 _ .3 2 3 2 3
Yy =x +Ew+$:>y_x+ /Ca:+ ] = y =2"+Cax+D.

This proves that F ~ F'.
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We can rewrite this last result as follows

Theorem 2.1.5 Let E and E' be two elliptic curves defined over Q given in Weierstrass
short normal form

E:y=a2+Az+B and E:y=2*+Cx+D

and such that A3/B* = C3/D?. Then

E ~FE'" <= there exists a rational solution u for the system

Proposition 2.1.6 A curve given in a Weierstrass equation is nonsingular if and only if
A # 0. Otherwise it has only one singular point.

PROOF. Let E be an elliptic curve given in a Weierstrass form
E: flx,y) =9* +azy + asy — 2° — as2x® — ayx — ag = 0.

We prove first that @ = [0 : 1 : (] is not a singular point. Considering £ in P?, the
associated homogeneous equation is

2

F(z,y,2) = v’z + ayzyz + azyz® — 2° — apa’z — ayz2® — agz” = 0.

OF
We have 8_<O) =1 # 0, hence O is a nonsigular point of E.
z
Now suppose that P = (xg, o) € E is a singular point. The change of variables
r=a"+m, Y=y -+
leaves A invariant, so without loss of generality we can assume that P = (0,0). Then

_ _ _ % 0.0) = _ 9 0=
a6_f(070)_0a a4_a$<0a0)_07 a3_ay(070)_07

So the equation for F takes the form
E: flx,y) =1y* +azy — 2% — axx?® = 0.
This equation has A = 0.

Conversely, let us prove that if E is nonsingular then A # 0. To simplify the
computation, assume char(K) # 2 and consider a Weierstrass equation of the form

E: y2 = 4.1’3 + bQZL’Q + 2b433 -+ bﬁ.
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E is singular if and only if there exists a point P = (zo, yo) satisfying
20 = 1222 + 2bywg + 2b, = 0

In other words, the singular points are exactly of the form (z,0) such that zq is a double
root of the cubic polynomial 423 + byx? 4 2bsx + bg. But this polynomial has a double root
if and only if its discriminant, which is 16A, vanishes.

Further, since a cubic polynomial cannot have two double roots, E' has at most one
singular point.

g

Remark 2.1.7. We have defined an elliptic curve E over a (perfect) field K as a smooth
curve. The latter proposition says that if E is an elliptic curve given by a Weierstrass
equation then A # 0, i.e., whenever we talk about elliptic curves we will suppose that

A 0.

Proposition 2.1.8 Tuwo elliptic curves are isomorphic over K if and only if they both
have the same j-invariant.

PROOF. (=) If two elliptic curves are isomorphic, the standard change of variables
(remark shows that both curves have the same j-invariant.

(«=) For simplicity, assume that char(K) # 2,3, hence we can write the equations in
the Weierstrass short normal form. Let F and E’ be two elliptic curves with the same

J-invariant, say with equations
E:y* =12+ Az + B, By =2>+Ar+ B
The assumption j(E) = j(£’) means that
(447 (@A)

4A3 + 2782 4AB 4 27B"
= (4A4)% - 4(A)3 + (4A)® - 27(B')* = (4A')% - 44° 4 (44') - 27B?
= A3(B/>2 — (A,)SB2.

We look for an isomorphism of the form (z,y) = (u?2’,u%y’), as we saw in remark
Consider three cases:

Case 1. A=0(j =0). Then B # 0 since A # 0, so A’ = 0, and we obtain an isomorphism
using u = (B/B’)'/S.

Case 2. B=0 (j = 1728). Then A # 0, so B’ = 0 and we take u = (A/A")Y/4.

Case 3. AB # 0 (j # 0,1728). Then A’B’ # 0 because if any of them were zero, then both
of them would be 0, contradicting A’ # 0. Taking u = (A/A")Y4 = (B/B")Y/% gives
the desired isomorphism.

g
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2.2 The group law

Let E be an elliptic curve given by a Weierstrass equation. By Bezout’s theorem [1.8.3| we
have that, if L is a line in P?, L intersects E at exactly three points, say P,Q, R, which
could be the same if L is tangent to E, for example. We define an operation, @ (that we
will denote by + for simplicity), which gives E an abelian group estructure:

Definition 2.2.1 (Composition Law for Elliptic Curves) Let E be an elliptic curve
defined over an algebraically closed field K. Let P, @ € E and let L be the line connecting
P and Q. We call R to the third point of intersection of L with E. Let L’ be the line
connecting R and O. Then P + @ is the third point of intersection of L’ with E.

1 R 2 . 3
([ »( [
- =
5&/ P\ [>le
/_\ \NR& Q M1

R'N

I 7|
~

S
P+Q=R' ;chzp? P+Q=0 P=0

Figure 2.1: Group law for E(K): four different cases.

Proposition 2.2.2 The composition law has the following properties:

i) If a line L intersects E at the (not necesarily dinstinct) points P, Q and R, then
(P+Q)+R=0.
ii) P+O =P forall P e E.
i) P+Q =Q+ P forall P,Q € E.
i) Let P € E. There exists another point on E, denoted by —P, satisfying
P+ (-P)=0.
v) Let P,Q,R € E. Then

(P+Q)+R=P+(Q+R).

In other words, the composition law makes E into an abelian group with identity element
O. Further,
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vi) Suppose that E is defined over a field K. Then the set of K-rational points on E,
B(K) = {(z,y) € K*: y* + a12y + asy = 2° + ay2® + agx + ag} U {0},
15 a subgroup of E.
PROOF. See [13, 111.2.2].

Notation. If F is an elliptic curve, P € F and m € Z, we define

mP =P+ 4P (m>0),
orP =0,
mP = (—m)(=P), (m<0).

We now derive explicit formulas for the group operations on E. Let E be an elliptic curve
given by a Weierstrass equation

F(x,y) = y* + a1zy + azy — 2° — apx® — ayx — ag = 0,

and let Py = (xg,yo) € E.

Calculus of the opposite element

In order to calculate —F,, we take a line L through Py, and O and find its third point of
intersection with E. The line L is given by

L:xz— To = 0.
Substituting this into the equation for FE,

F(zo,y) = y* + (a1xo + a3) y + (—x) — asxf — aszo — ag)

N S N J

:y2+cly—|—cg

=0,

yields a quadratic polynomial which roots are yo and yj, where —Fy = (20, y;). In order
to find an expression of y; in terms of xy and y,, we write out

F(zo.y) = (y = %)y — %) = ¥* + (=% — %)y + Yoyo-
And equating the coefficients of y gives y) = —yo — @129 — az. This yields

— Py = — (20, %) = (x0, =40 — a1Zo — a3).
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Calculus of the addition of two elements

Let P, = (x1,y1) and P = (22, y2) be two points on E. If x1 = x5 and y; +ys+a129+a3 = 0,
we have already shown that P, + P, = O. Otherwise, the line through P, and P, (or the
tangent line if P, = P,) has an equation of the form

L:y=px+v,

where formulas for g and v are given below (table 2.1)). Substituting the equation of L
into the equation of E/, we have

F(z,px +v) = (ur +v)* + a1 (px + v)r + az(pz + v) — 2° — apr® — agr — ag
E—— +£u2 +aip — a) ¥ + EQ/M/ + a1V + azp — (142:1: + (v + azv — aGZ

co C1 €0
_ 3 2
= -2+ +c1x+ ¢y

=0,

which has roots z1, 9 and x5, where P; = (x3,ys3) is the third point of L N E. From

proposition 2.2.2]i we have
P+ P+ P;=0.

We write out
F(z,pz+v)=—(r —z1)(x — x2)(x — x3)

and equating the coefficient of 22 yields
Ty + Ty + x5 = 17 + ayp — as.

This gives a formula for x3, and substituting in the equation of L gives the value of
y = pxs + v. Finally, to find P, + P, = —P3, we apply the negation formula to Ps.

All this information is summarized in the following proposition.

Proposition 2.2.3 (Group Law Algorithm) Let E be an elliptic curve given by a
Weierstrass equation

E 9y 4+ ayvy + asy = 2° 4 a2 + aux + ag.
i) Let Py = (x0,y0). Then
—h = ($0, —Yo — Q1Xg — CL3>‘

Now, let
P1—|—P2:P3 with R:(I“yz> fOTi:172,3.
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it) If 11 = x9 and y1 + y2 + a1x1 + a3 = 0, then
P+ P =0.

Otherwise, define pu and v by the following formulas:

1 v
Y2 — U1 Y122 — Y21
Ty # Tg —
To — 1 Lo — T1
. 3x% + 20911 + a4 — a1 —xi’ + agx1 + 206 — aszyy
' ’ 21 + a1y +as 2y1 + a1y + ag

Table 2.1: Formulas for the slope and the intercept of the line through P; and Ps.

Then y = px + v is the line through Py and P», or tangent to E if P, = P.
iii) With notation as in (ii), Py = P, + P» has coordinates

2
T3 = W +aip—ax — 1 — T2,

Ys = —(,u + al)xg — UV — as.

iv) As special cases of (iii), we have for Py # +£P;,

2
(P + P) = (u) +a; <y2 yl) — Qg — T1 — Ta,

To — 1 To — X1

and the duplication formula for P = (z,y) € E,

. ZL'4 - b4[[‘2 - QbGZL’ — bs
N 4273 + bQIQ + 2641' + b(,"

x(2P)

where by, by, be, by are the polynomials in a;’s given in equation (2.1)).

Corollary 2.2.4 With notation as in proposition a function f € K(E) = K(x,y)
is said to be even if f(P) = f(—P) for all P € E. We have

f is even = f € K(x).

PROOF. («) From proposition [2.2.3} if P = (z¢, yo), then —P = (xo, —yo — a1 — az).
It follows immediately that every element of K (z) is even.
(=) Suppose that f € K(x,y) is even. Using the Weierstrass equation for E, we have

y? =2 4 a2® + @ + ag + (—a1z — az)y = fi(z) + foz)y,

so whenever we found y? we can exchange if for fi(x) + fo(z)y. Thus, we can write f in

the form o
f(z,y) = g(x) + h(x)y for some g,h € K(z).
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Then the eveness provided for f implies that

f<x7y) = f(ilf, —Y—anr — CL3),
9(@) + h(z)y = g(x) + h(z)(—y — mz — as)
(2y + ayx + az)h(z) = 0.
This holds for all (z,y) € E, so either h is identically 0, or else a; = 2 and ag = 0. The

latter implies that the discriminant satisfies A = 0, which contradicts our assumption that
the Weierstrass equation is nonsingular. Hence h = 0 and f(x,y) = g(x) € K(z).

U

The following definition will be important in order to study below the structure of the
group F(K).

Definition 2.2.5 (Torsion subgroup) Let E be an elliptic curve and m € Z,m # 0
defined over a field K. The m-torsion subgroup of E(K) is defined by

E(K)[m] = {P € E(K): mP = O}.

The torsion subgroup of E(K) is

E(K>tors = U E<K)[m]

m=1

Singular Weierstrass Equations

Suppose that a given Weierstrass equation has discriminant A = 0, so it has only one
singular point by proposition 2.1.6, What extent does our analysis of the composition law
fail in this case? As we will see, everything is fine provided that we discard the singular
point; and in fact, the resulting group has a particularly simple structure.

Definition 2.2.6 (Non-singular part of a elliptic curve) Let E be a (possibly singular)
curve given by a Weierstrass equation. The non-singular part of E, E,; is the set of non-
singular points of E. If F is defined over a field K, then E(K),s is the set of non-singular
points of E(K).

Proposition 2.2.7 Let E be a singular curve given by a Weierstrass equation, i.e., A =0,
so E has only one singular point, namely S. Then the composition law makes E,s into an
abelian group.

PROOF. See [73], Prop.I11.2.5].
U

Further, E,s(K) is an abelian group even when K is not algebraically closed. For a
group-theoretic description of E,s(K), see [73, Ex.3.5].
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2.3 Isogenies and the dual isogeny

We study in this section a special sort of morphisms between elliptic curves: isogenies.
Since an elliptic curve has a distinguised zero point, it is natural to study those maps
which respect this property. The theory of isogenies is going to let us find the group
structure of E(K).

Definition 2.3.1 (Isogeny) Let F; and Es be two elliptic curves. An isogeny between
them is a morphism f : £y — Ej satisfying f(O) = O. We say that two elliptic curves are

isogenous if there is an isogeny between them.

Remark 2.3.2. Since elliptic curves have group structure, the maps between them form
groups too. Thus let

Hom(FE4, Ey) = {isogenies f : £} — FEs}.
Then the group law implies that Hom(FE, E») is a group under addition
(f +9)(P) = f(P)+g(P).
PROOF.
* (f+9)(0)=0=0+0=f(0)+9(0).
e The associative law is inherited from the associative group law of (Es, +).

e The neutral element is the isogeny [0](P) := O, for all P € E;. (By convention, we
set deg[0] = 0).

e If f is an isogeny such that f(P) = @, then its inverse is g(P) = —Q.
Il

Example 2.3.3 (Multiplication by m isogeny) Let m € Z and E be an elliptic curve.
We can define an isogeny, called multiplication by m isogeny, in a natural way as follows:

P+ ™. 4P, ifm>0,
m]: E — FE, [m](P) =< O, if m=0,
[—m|(=P), ifm <0,
for every P € E.

Moreover, [m] is an isogeny by the group law. Note that if F is defined over a field K,
then [m] is also defined over K.
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Example 2.3.4 (Traslation-by-Q map) Let £E/K be an elliptic curve and let Q € E.
Then we can define a traslation by ) map

9 E— E; P— P+Q.

This is cleary not an isogeny, unless () = O; and it is an isomorphism, since 7_¢ provides
an inverse. Nevertheless this map has a very useful property. Let f : EFfy — FE5 be a
morphism of elliptic curves as alegrbraic curves. Then the map

¢p=1_fo)0f
is an isogeny (since ¢(O) = ). We have thus shown that any morphism f is the
composition of an isogeny ¢ and a traslation 7o),

f =70 0 0.
Proposition 2.3.5 The following statements hold:

i) Let E/K be an elliptic curve and let m € Z, m # 0. Then the multiplication by m
map, [m| : E — E is non-constant.

ii) Let Ey and Ey be two elliptic curves. Then the group of isogenies Hom(FE1, Es) is a
torsion-free Z-module.

PROOF.

i) We start showing that [2] # [0]. The duplication formula from proposition [2.2.3liv
says that if a point P = (z,y) € F has order 2, then it must satisfy

423 + box® + 2byx + bg = 0.

If char(K) # 2, this shows immediatly that there are only finitely many such points.
Further, even for char(K) = 2, the only way to have [2] = [0] is for the cubic
polynomial to be identically 0, which means that b, = bg = 0, which in turn implies
A = 0. Hence in all cases we have [2] # [0]. Now, using the fact that [mn] = [m]o[n],
we are reduced to considering the case that m is odd.

Assume now that char(K) # 2. Then, using long division, it is easy to verify that
the polynomial
41’3 + b2$2 + 2b4(lf + b6

does not divide the polynomial
.’L‘4 — b4$2 — 2()6]} — bg.

More precisely, if the first polynomial divides the second, then A = 0. Hence we can
find an xy € K such that the first polynomial vanishes to higher order at z; than
does the second. Choosing yo € K so that Py = (z¢,y0) € F, the doubling formula
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implies that [2]FPy = O. In other words, we have shown that £ has a nontrivial point
Py of order 2. Then for odd integers m we have

[m]P():P();AO,

so clearly [m] # [0].

Finally, if char(K) = 2, then one can proceed as above using the “triplication
formula” to produce a point of order 3.

ii) That Hom(E,, Es) is a Z-module is clear, because it is an abelian group.
Suposse f € Hom(E;, Fy) and m € Z such that

[m] o f=10].
Taking degrees, we have, by remark [1.5.7]
(deg[m])(deg f) = 0;

so either m = 0; or else, (i) implies that (deg[m]) > 1, in which case we have f = [0].
So, the only one torsion element in Hom(E}, Es) is [0].

Now we are going to show some important and useful properties of isogenies.

Theorem 2.3.6 Fuvery isogeny is a group homomorphism. It is to say, if f : E1 — Fs is
an isogeny, then f(P+ Q) = f(P) + f(Q), for all P,Q € F;.

PROOF. See [73], 111.4.8].
U

Corollary 2.3.7 If f : E; — E is a nonzero isogeny, then ker f = f~1(O) is a finite
subgroup.

PROOF. f~YO) is a subgroup because f is a group homomorphism and it is finite
from proposition [1.5.6]

O
Theorem 2.3.8 Let f: Ey — E5 be a nonconstant isogeny.

i) For every Q) € Es,
#7HQ) = deg f.
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ii) The map
kerf — Aut[K(E))/f*K(E,)]
T — 711

is an isomorphism, where Tr is the traslation-by-T map and 77 is the automorphism
that 7 induces in K(Ey).

ii1) Assume that f is separable. Then f is unramified,

#ker f =deg f,
and K(E))/f*K(FE) is Galois.
PROOF.

i) From proposition .ii we know that #f1(Q) = deg f for all but finitely many
Q € E,. We want to see that this happens for all Q € Ey. Let Q,Q" € E,. We can
choose some R € F; such that f(R) = Q' — Q. Since f is a homomorphism, there is
a ono-to-one correspondence

Q) = (@) P P+R
Let us prove it:
o Well-defined. Let P € f~(Q), then f(P) = Q. Using f(R) = Q' — Q,
f(R)=Q - f(P) <= f(R)+ f(P)=¢q

<~ f(R+P)=@Q
<~ R+Pecf Q).
e [njective. It is clear.
o Surjective. If T € f~1(Q’) we have f(T — R)=T.
Hence, for all Q € Ey we have #f1(Q) = deg f.
ii) e Well-defined. Let T € ker f and a € K(F,). Remember that
T;w : F(El) — F<E1> f* : F(EQ) — ?(El)
g = Trg=gorTr; h = fth=hof.

Since f o7rr = f (because 77 is an automorphism of E;), we have
mr(ff) = (fom)a= fa

So, 74 fixes f*K(Fs), hence is a f*K(Fs)-automorphism of K(F}).

e Homomorphism. It is clear from the fact 7 o 79 = 7py g = 75 0 77.
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e DBijective. We have
#ker f = #f71(0) & deg f;

while from basic Galois theory,
#Aut([K(Er)/f*K(E)]) < deg f.

Hence, it suffices to show that the map is injective. Let T" +— 77 = idg(g,).
Then, if g € K(E;), we have 75:g(P) = (g o 77')(P) = g(P) for all P € E; and
this is possible only if T'= O.

iii) If f is separable, from (i) we have

FHQ) =deg f for all Q € Es,

then f is unramified from corollary [1.5.8] Choosing () = O, we have

Hker f = #171(0) = deg f.

Then from (i7) we find that

#Aut([K(E)/ f*K(E2)]) = [K(Er) : f*K(E)]
so K(E,)/f*K(FEs) is Galois.
U

Corollary 2.3.9 Let f: Ey — E5 and g : E; — E3 be two nonconstant isogenies with f
separable. If
ker f C kerg

then there exists a unique isogeny
h: FEy— Es

such that ho f = g.

PROOF. Since f is separable theroem [2.3.8}iii states that K (F,)/f*K(E,) is Galois.
The inclusion ker f C kerg and the identification in theorem [2.3.8}ii implies that every
element of Gal(K(E))/f*K(FEs)) fixes ¢g* K(F3). Hence by Galois theory, there are the

inclusions o o o
Now, theorem [1.5.2/ii gives a map h : By — Fjy satisfying f*(h*K(E3)) = ¢*K(Fs). And
this implies that h o f = ¢g. Finally, h is an isogeny, since

WO) = h(f(0)) = ¢(0) = O,
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We introduce now the concept of dual isogeny.

Theorem 2.3.10 Let f : By — E, be a nonconstant isogeny of degree m between two
elliptic curves. There exists a unique isogeny

A

f:Ey— Fy
such that f o f = [m].
PROOF. (Uniqueness). Suppose f and f’ are such two isogenies. Then,
(F=Fof=(Fof)—(fof)=[m—[m]=0].
Since f is nonconstant, it follows from theorem that f — f’ is constant, so f = f’ .

(Ezistence). Suppose now that g : Fy — Ej is another nonconstant isogeny of degree
n and suppose that we know that f and g exist. Then,

~

(fog)olgof)=Ffo(gogiof =FfolmlofZmlofof =[nom]=[nm]

Where in (%) we are using that every isogeny is a homomorphism. Let P € Fj,

~ ~ ~ ~ ~ ~

(fo [A)(P) = f([)P) = f(P+ . +P) "= f(P)+ 2. +£(P) = [n](f(P)) = ([n] o f)(P).

Thus f o g has the requisite property to be fo\g. Hence, as we are working in characteristic
zero, it suffices to prove the existence of f when f is separable. Thus suppose f to be
separable. Since f has degree m, we have from theorem [2.3.8|

#ker f =m,;

so clearly,
ker f C ker[m)].

It now follows from corollary that there exists an isogeny

~

f By — B
such that f o f = [m].
U

An isogeny related to another one given as in latter theorem deserves a special name.

Definition 2.3.11 (Dual Isogeny) Let f : E; — E, be an isogeny of degree m. The
dual isogeny to f is the isogeny X

fZE2—>E1

given in the previous theorem. (This assumes f # [0]. If so, we set f = [0]).
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Here we introduce some important properties of dual isogeny needed to find out the
structure of the m-torsion subgroup E(K)[m)].

Proposition 2.3.12 Let f: Fy — E5 be an isogeny.
i) Let m = deg f. Then

fof=1[m] onE and fof=I[m] on Es.
ii) Let h: Ey — E3 be another isogeny. Then,
FoF = foh
iit) Let g : By — Eo be another isogeny. Then,
g+f=F+g.

iv) For allm € Z,
[m] =[m] and deg[m] = m?*.

PROOF. If any of the isogenies in (i), (ii) or (iii) is constant, the theorem is trivial.
We will assume that all isogenies are nonconstant.

i) The first statement is the defining property of f . For the second,
(Fofyof=ro(fof)=folml=Imof.

Then, since f is nonconstant, f o f = [m].

ii) Let n =degh. Then deg(ho f) = (degh)(deg f) = nm. We have
(foh)o(hof)=foln]of=[n]ofof=[nm]
And using the uniqueness from theorem , we can deduce that f oh= }ﬁ)\f .
iii) [73, Th.II1.6.2,c|

iv) To prove the first assertion we apply induction in m.

e Base case. _
If m =0, [m] = [0] by definition.
If m =1, [m] = [1] clearly.

e General case. Suppose that [/TT:] = [m] for m < N.
N1 (N [ V] 4 1] = [N L

For the second assertion let d = deg[m]. We have

Since the endomorphism ring of an elliptic curve is a torsion-free Z-module by
proposition [2.3.5 d = m?2.

g
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2.4 Structure of E[m]

Before writing the structure of E[m], we recall a result from group theory:

Lemma 2.4.1 Let A be a finite abelian group of order n". Assume that for every d|n we
have #Ald] = d", where
Aldl ={a € A:ord(a) = d}.

Z T
1= (2).

PROOF. First, let A be a finite abelian group of order p”, with p prime, and such that
#Alp] = p”. This means that every element in A has order p. By Classification Theorem
of Finite Abelian Groups, the only possibility is

Z T
A—(ﬁ)'

Suppose now that n = p®, hence A is a finite abelian group of order n” = p®". By
assumption, we know that #A[p*] = p*", so A is isomorphic to its Sylow p-subgroup and
every element of its has order p®. Again, by Classification Theorem of Finite Abelian

Groups, the only possibility is
Z '
A~ (—) .
Pz

Finally, let A be a finite abelian group of order n", with n = p{* - - - p;*. We know that,
since A is a finite abelian group, it is isomorphic to the direct sum of its distinct Sylow

p-subgroups. Thus,
Z \" Z \" Z\"
A~ — — ] .
Grz) == (rz) = ()

Now we can establish the structure of the m-torsion subgroup of an elliptic curve F,
E[m], in the following theorem. Note that E[m]| is another notation for ker[m)].

Then

12

g

Theorem 2.4.2 (Structure of the m-torsion subgroup) Let E be an elliptic curve
over a field K with char(K) =0 and let m to be a positive integer. Then

Z Z
mZ ~ mZ
PROOF. As deg[m] = m?, then [m)] is separable, since it is finite over a perfect field,
thus algebraic and then separable. Using theorem [2.3.8]iii we have

E[m] =

m? = deg[m] = # ker[m] = #E[m).
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Further, for every integer d dividing m we have #E[d] = d°.

abelian group, by lemma [2.4.1| we have

Now, as E[m] is a finite



Chapter 3

The Mordell-Weil Theorem

The main aim of this chapter is proving the Mordell-Weil theorem:

Theorem 3.0.3 Let K be a number field, and let E/K be an elliptic curve. Then the
group E(K) is finetely generated.

To achieve this purpose, we are going to follow two quite distinct steps:

)

1)

To prove the Weak Mordell-Weil Theorem. (Section [3.1.5)).

Theorem 3.0.4 (Weak Mordell-Weil Theorem) Let K be a number field, let
E/K be an elliptic curve and let m € 7 with m > 2. Then

E(K)/mE(K)
is a finite group.

This assertion is neccesary for the proof of the Mordell-Weil theorem but it is not
enough because it does not implies that E(K) is a finitely generated group. For
example, we have that R/mR = {0} for every integer m > 1, yet (R,+) is not a
finitely generated group.

To prove the Weak Mordell-Weil theorem, we need to develope some theory about
formal groups (subsection [3.1.2)), minimal Weierstrass equations (subsection [3.1.3))
and reduction modulo 7 of a curve (subsection [3.1.4)).

To use the Descent Procedure (Section [3.2).

Theorem 3.0.5 (Descent Theorem) Let A be an abelian group. Suppose that

there exists a (height) function
h:A—R,

with the following properties:

51
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(a) Let Q € A. There is a constant Cy, depending on A and Q, such that

h(P+ Q) < 2h(P) + Cy for all P € A.

(b) There are an integer m > 2 and a constant Cy, depending on A, such that
h(mP) > m?h(P) — C, for all P € A.
(c) For every constant Cs, the set
{PeA:hP)<Cs}
s finite.

Suppose further that for the integer m in (ii), the quotient group A/mA is finite.
Then A is finitely generated.

To use this theorem to prove the Mordell-Weil theorem, we have to develope some
theory about heighs on projective spaces (subsection |3.2.1]), and find a heigh function
on elliptic curves (subsection [3.2.2)).

It is clear that Mordell-Weil theorem follows from these two steps.

3.1 The Weak Mordell-Weil Theorem

In this section we are going to prove the Weak Mordell-Weil Theorem, for which we need
some previous results. In this section we will use the following notation:

e K is a field complete with respect to a discrete valuation v.

R is the ring of integers of K, R = {z € K : v(z) > 0}.
e R* is the unit group of R, R* = {x € K : v(x) = 0}.

e M is maximal ideal of R, M = {z € K : v(z) > 0}.

7, a uniformizer of R, M = 7R.

k the residue field of R, k = R/ M.
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3.1.1 Hensel’s Lemma

We present now the Hensel’s Lemma (also called Hensel’s Lifting), which is going to be
needed in this chapter. Then we adapt its content to the situation we are interested in.
To prove this lemma we have used [39, th. C.1] and [82] section 5].

Lemma 3.1.1 (Hensel’s Lemma) Let K be a local field, complete with respect to a
valuation v, R the ring of integers in K and M = wR its mazimal ideal. Let f(z) € R[z]
and suppose that there exist o« € R such that

fla) =0 (mod ), f'(a) #0 (mod )
where [’ is the formal derivative of f. Then, there exists an element 5 € R satisfying
f(B)=0, B =a (mod ).

PROOF. We build a sequence (z,,) C R with z; = o and such that for all n,
i) f(z,) =0 (mod 7"),
i) xpi1 = x, (mod 7).

It is clear from the hypothesis that o = x; satisfies the first condition. Suppose that z,
satisfies it too. Then, f(z,) = c¢x™ for any ¢ € R. Let z,41 = z,, + bn" for a b € R, to be
chosen later.

Note that if f(X +Y) = f( )+ fiX)Y + fo(X)Y2 + ... for f; € R[X] we have
fo(X) = f(X), fi(X) = f/(X),... Then,
n)t

f(angr) = fant+0m") = f(2

Note also that since x, = z; = a (mod 7), we have f'(x,) = f'(«) (mod 7). Namely,
f'(z,) is a unit in R/7R, so we can write f'(x,) = ur for any u € R*.

f()br™ = en™+ f'(2,)br"™ = 7" [c+bf (2,)] (mod 7" 11).

Now, set b = —u"'c € R = bf'(z,) = —u"'cur = —cr . We have then

f(@pi1) = 7"[c+bf (z,)] (mod 7")

= (7"c—7""c¢)  (mod x"t1h)
= f(x,) (mod 7"1)
=0 (mod 7" *1h).

(i) = (=x,) is Cauchy.
(i) = p =limx, is aroot of f and 5 € R because K is complete.
Moreover, as z,, = « (mod 7) Vn, then § = « (mod 7).
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Remark 3.1.2. We can generalize Hensel’s Lemma as follows:

Let R be commutative a ring complete with respect to an ideal I C R, i.e., R is complete
with respect to the topology in which {I"},>; forms a basis of open neighborhoods of 0;
and let F(w) € R[w]| be a polynomial. Suppose that there exists @ € R such that (for
some integer n > 1)

Fla) e M" and F'(a) € R".

Then for any v € R satisfying v = F'(a) (mod I), the sequence
Wy = Wyt = Wy + F(wm)/y
converges to an element § € R satisfying
F(8)=0 and f=a (modI)

Further, if R is an integral domain, then these conditions determine [ uniquely.

3.1.2 The Formal Group of an Elliptic Curve

Let E be an elliptic curve. In this subsection we study an ’'infinitesimal” neighborhood of F
centered at its origin, O. As we will see, this leads to a power series ring in one variable, say
K|[#]], for some uniformizer z at O. We can express the Weierstrass coordinates x and y as a
formal Laurent series in z. Further, we can write down a power series F'(z1, z9) € K]|[21, 22]]
which formally gives the group law on F.

Expansion around O

We are about to study the structure of an elliptic curve and its addition law “close to the
origin”. To do this it is convenient to make a change of variables, so let

1 1
2=-2 and w=—= (soac:i andy:——).
Y Y w w

The origin O on E is now the point (z,w) = (0,0), and z has a zero of order 1 at O,
namely z is a local uniformizer at O. The Weierstrass equation for E in variables x and y,

E g + a1y + agy = 2° + ayx® + asx + ag,
becomes

E:w=2+ (a12+ axz®)w + (a3 + agz)w? + agw® (= f(z,w)).

The idea is to substitute this equation into itself recursevely so as to express w as a power
series in z:
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w = 2"+ (@12 + ax2®)w + (a3 + as2)w? + agw®

= 2% + (12 + a22%)[2* + (a12 + a22®)w + (a3 + asz)w® + agw®]
+ (a3 + a42)[2* + (a12 + agz®)w + (a3 + ag2)w? + agw’]?

+ ag[2® + (a12 + a22®)w + (a3 + ag2)w* + agw®]?

=22+ a12' + (aF + a9)2° + (a3 + 2a1a9 + a3)2° + . ..
= 23(1 + Alz + A222 + .. .),

where A; € Z[ay, ..., ag] is a polynomial in the coefficients of E. We must show that this
procedure convergs to a power series w(z) € Zlaq, . .., ag)[[z]] and that the equality

w(z) = f(z,w(2))

holds in the power series ring.
To more precisely decribe the algorithm for producing w(z), define a sequence

fl(z>w) :f(Z,’LU) and Jma1 :f(z,fm(z,w)). (31)

Then we take
w(z) = lim f,(z,0)

m— 00

provided this limit makes sense in Z[a4, . .., ag][[2]].

The two following assertions are special cases of the generalization of Hensel’s Lemma,

remark B.1.2
Proposition 3.1.3 We have the following two facts:

i) The procedure described above gives a power series

w(z) = 22(1+ Az + Ax2® +...) € Z[ay, - . ., ag)[[2])-

ii) w(z) is the unique power series satisfying

PROOF. Tt suffices to use the generalization of Hensel’s Lemma [3.1.2| with
R=17Z[ay,...,a¢[[z]], 1= (2),

F(w) = f(z,w) —w = 2° + (012 + apz*)w + (a3 + ag2)w? + agw® —w, a=0, vy=-1

With this assumptions, we have

F(0) = f(2,0) € (),
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F'(w) = aiwf(z,w)—l

= a1z + a2 + 2(as + ag2)w + 3agw® — 1,
F'(0) = a1z + az2® — 1.
As the independent term of F'(0) # 0, F'(0) € R*. If we take v = —1 we have

—1=a12+ ayz?> — 1 (mod (2)), so the sequence

wo =0 Wpi1 =Wy + F(wy) =wn + f(z,0n) —w, = f(2,w,)

converges to a unique element 5 € Z[ay, . . ., ag)[[2]]:
g = lim w, = lim f(z,w,—1)= f(z,08).
m— 00 m—00

But w,, = fn(z,0) (where f,, is defined in equation (3.1) above) as we can prove by

induction in m:

e For m = 1 we have
wy = wo + F(wo) = wo + f(27w0> — Wo = f(z,wo) ve? f(7~’70) = fl(z,O).

e Suppose that w,, = f,(z,0). Thus,
Hip.
Wm+1 = W + F<wm) = f(z,wm) = (27 fm(zaO)) = fm+1<z70)'
So,

B= 0, o = 8, Fl2,0) = ()

And thus, w(z) € Zlay, ..., ag)[[z]] and is the unique element with w(z) = f(z,w(z)).

Using the power series w(z) we can find the Laurent series for = and v,

z 1 a (as + )22 4
x = =—— — —ay—azz — (a4 +araz)z”+ - --
wiz) 2z 2 — a3 4t aias
! U2t (0t mas)z t
= — =——+—=+—+a as +ajaz)z+ - .
Y w(2) B3 2T 3 4 103

We note that x(z),y(z) € Zlay, ..., as][[z]] and the pair (z(z),y(z)) provides a ‘formal
solution’ to the Weierstrass equation

E y2 + a1y + azy = z3 —|—a2x2 + a4 + ag,

that is, a solution in the field of formal power series. If F is defined over a field K, we might
try to produce points of E by taking z € K and looking at (z(z),y(z)). In general, there
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is no way to attach a meaning to an infinite series as x(z). But if K is a complete local
field with ring of integers R and maximal ideal M, and if the coefficients satisfy a; € R
and z € M, then the power series x(z) and y(z) converge to give a point of F(K). This
gives an injection (with inverse z = —x(2)/y(z))

M — E(K),

and it is easy to characterize the image as those (z,y) with 7! € M. But we will focus
on this question later in this chapter.

Returning to formal series, we now look for the power series formally giving the addition
law on E. Let z1, 2o be independent inderterminates and let w; = w(z;) for i = 1,2. In the
(z,w)-plane, the line connecting (21, w;) to (22, ws) has slope

o0 n n
Wo — Wq 25 — 23
A= A(21, :—=§ A € Zlay, . . ., :
(21, 22) w—a e — 2 [0y ag[[21, z]]

Note that A has no constant or linear term. Letting
v=1u(z1,20) = w; — A2y € Z[ay, ..., ag][[z1, 22]]

the connecting line has the equation w = Az + v. Substituting this into the Weierstrass
equation gives a cubic in z

0323 + 0222 + Clz + CO =0

with

Cg = (16/\3 + a4)\2 -+ a2>\ + 1,

Cy = 3ag A3V + 2a4\v + as)\? + asv + ar )\,

C1 = 3ag\vV? + ay® 4 2a3 v + aqv — A,

Cy = ag® + azv® — v.
If we want the main coefficient to be 1 we define the new coefficients C! = C;/C, for
1 =1,2,3,4. Two of the roots of this equation are z; and z,. Looking at the quadratic

term, the third root, say z3, can be expressed as a power series in z; and 25. To see this,
we write

(z—21)(z— 2)(z — 23) = 2° — (21 + 22 + 23)2° + (2120 + 2123 + 2223) 2 + 212223,
and equate the coefficients with the C! from above, getting

3ag 3V + 2a4\v + as\? + asv + a1\
CLG/\S + a4)\2 + ag)\ +1

23 = z3(21,22) = —21 — 29 — € Zlay, ..., ag)[[z1, 22]]

For the group law in E, (z1,w;) + (22, w2) + (23,w3) = O, so to add the first two,
we need the formula for the inverse. In the (z,y)-plane, the opposite element of (z,y) is
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(x,—y — a1z — a3) as we saw in the previous chapter, section . Hence, recalling that
z = —x/y, the inverse of (z,w) in the (z,w)-plane will have z-coordinate:

x(z) ol —art

y(2) +ax(z) +a3  —z3 24272 -

€ Zlay, . .., ag][[z1, z2]].

i(z) =

Definition 3.1.4 (Formal Addition Law) The work above leads us to define the formal
addition law:

F(21, 29) = i(23(21, 22))
=21+ 29 —a12122 — &g(zfzg + zlzg) — (2a3,z? — (arag — 3a3)zl22§ + 2agzlz§) + e
- Z[al, . ,aﬁ][[zl, ZQH

From the corresponding properties for £ we deduce that F'(z1, z5) satifies

F(z1,29) = F(z2,2) (commutativity)
F(z1,F(20,2)) = F(F(2z1,22),2) (associativity)
F(zi(z)) = 0 (inverse).

The power series F'(z1,22) might be described as a group law without any group
elements. Such objects are called formal groups and we will see some of their properties in
the following section.

Formal groups

Let R be a ring. We are about to define a new structure over R: a formal group.

Definition 3.1.5 (Formal Group) A (one-parameter commutative) formal group
F defined over R is a power series F'(X,Y) € R[[X, Y]] satisfying:

i) F(X,Y)=X + Y+ (terms of degree > 2).

i) F(X,F(Y,Z)) = F(F(X,Y),Z) (associativity).

1)
)
iii) F(X,Y) = F(Y, X) (commutativity).
iv) There is a unique power series i(7") € R[[T]] such that F/(7,i(T)) = 0 (inverse).
v) F(X,0) =X and F(0,Y) =Y.

We call F(X,Y) the formal group law of .%

Example 3.1.6 (Formal group of an elliptic curve) Let E be an elliptic curve given
by a Weierstrass equation with coefficients in R. The formal group associated to F,
denoted by E, is given by the power series F/(zy, z,) decribed in definition [3.1.4]
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Definition 3.1.7 (Homomorphisms between formal groups) Let (.#, F) and (¢, G)
be two formal groups over R. A homomorphism from .# to ¥ over R is a power series
(with no constant term) f(7') € R[[T]] satisfying

FE(X,Y)) = G(f(X), f(Y))-

Z and ¢ are isomorphic over R if there are homorphisms f: . % — ¥ and g : ¢ — F
defined over R with

g(f (1) =T = f(g(T)).

Example 3.1.8 (Multiplication-by-m map) Let (%, F') be a formal group. We can
define homomorphisms

[m]: F — .7
inductively for m € Z by
0(T) =0, [m+1|(T)=F(m|(T),T), [m—1(T)= F([m)(T),i(T)).
We can see, by indution in m, that for every m € Z,
[m]F(X,Y) = F([m]X, [m]Y).

o [f m=020.
It is trivial since [0]F(X,Y") = 0 and F([m]0, [m]0) = F(0,0) = 0.

e Suppose that [m]F(X,Y) = F([m]X,[m]Y) holds for m > 0.

F(X,Y) = F(Im]F(X,Y), F(X,Y))
T P(F(Im)X, [m]Y), F(X,Y))

= F([m]X, F([m]Y, F(X,Y)))
= F([m] F(F(X,Y), [m]Y))
a:S'F([W”L]X FX, B(Y, [m]Y)))
= F(F(Im]X, X), F(Im]Y.Y))
= F([m+ ] ,[m +1]Y).

e Suppose that [m|F(X,Y) = F([m]X,[m]Y) holds for m < 0.
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F(X,)Y)=F(m-1F(X,Y),i(Y))
= F([m - 1]F(X,0),i(Y))
= F(F(Im]X,0)i(Y))
= F([m]X, F(0,i(Y)))
= F([m]X, F(F(0,0),i(Y)))
= F([m]X, F(0, F(0,i(Y))))
= F([m]X, F(0,[m —1]F(0,Y)))
= F([m]X, F(0,[m - 1]Y))
= F(F([m]X,0),[m —1]Y)
= F([m —1]F(X,0),[m —1]Y)
= F(m— 11X, [m —1]Y).

Proposition 3.1.9 Let % be a formal group over R, and let m € Z.
i) [m|(T') = mT + (higher order terms).
ii) If m € R*, then [m] : # — F is a homomorphism.
PROOF.

i) For m > 0 this is a trivial induction using the recursive definition of [m] and the fact
that f(X,Y)=X+Y +---. Then, from

0= F(T,i(T)) =T +i(T) +---
we have i(T) = =T + - - -; and now the downward induction for m < 0 is also clear.

ii) This follows from (i) and the following lemma.

Lemma 3.1.10 Leta € R* and f(T) € R[[T]] a power series starting
f(r)y=alT+---
Then there is a unique power series g(T') € R[[T]] such that f(g(T)) =T and g(f(T)) =T.
PROOF. We contruct a sequence of polynomials g,(7") € R[T] such that
FuT) =T (mod T™)  and  gous(T) = ga(T) (mod T™1).
As R is complete, there exists the limit ¢(7') = lim g,,(T) € R[T]. And from the fact

F(90)(T) = f(gn(T)) (mod T"1) =T (mod T") Vn,
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we have that f(g(T)) =T.

To start the induction, let g;(T) = a~ T, which clearly satisfies the condition
f(gi(T)) =T (mod T7).
Suppose now g,,_1(7T") satisfies them too. We look for A € R such that
9u(T) = gur(T) + AT™
has the desired property. We compute

F((g2)(T)) = fgna(T) + AT™)
= f(gn1(T)) + aXT™ (mod T")
=T +bI™ + aXT™ (mod T")
for some b € R by the induction hypothesis. It thus suffices to take A = —ba~! € R. This
shows that ¢(T) exists.

Now, applying g to f(g(T)) = T gives g(f(g9(T))) = g(T), Wthh is the identity in the
power-series ring R[[g(T)]], so g(f(T")) = T. Finally, if f(h(T)) =

9(T) = g(f(W(T))) = (g © f)(W(T)) = MT),

which shows the uniqueness of g(7').

Groups Associated to Formal Groups

In general a formal group is nothing but a group operation, without “real” elements of
group. But if the ring R is local and complete and if the variables are assigned to values
in the maximal ideal M C R, the power series giving the formal group will converge.

Definition 3.1.11 (Group associated to a formal group) The group associated to
the formal group .# over R, denoted % (M) is the set M with the group operations

@z y=F(z,y),
Ogzx = i(x).
Where z,y € M.
Similary, for n > 1, #(M") is the subgroup of .# (M) consisting of the set of M™.
Since R is complete, the power series F'(z,y) and i(x) converge in R for z,y € M; and

then the axioms for a formal group inmediately imply that .# (M) is a group and .% (M")
is a subgroup.

The following example contains the main idea of the use of formal groups and the
reduction procedure (which we will see in next section) to study E(K) in a simpler way.
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Example 3.1.12 Let E be the formal group associated to the elliptic curve E /K (example
3.1.6)), where K is the quotient field of R. As we noted above, the power series x(z) and
y(z) give a map

M= E(K); 2z (2(2),y(2)).
In the way the power series for E was defined, this map gives a homomorphism

E(M) = E(K).

As we will see in the next section, there is often an exact sequence

0— E(M) = E(K) — E(k) =0,
where E is a certain elliptic curve defined over the residue field k. This way, to study

E(K) we can study the formal group E and an elliptic curve over a smaller (and hopefully
simpler) field k.

Proposition 3.1.13 The following statements hold:
i) For each n > 1, the map
F(M™) | F (M) = M M
induced by the identity map on sets is an isomorphism of groups.

ii) Let p = char k (p =0 is allowed), where k is the residue field k = K/R. Then every
torsion element of 7 (M) has order a power of p.
PROOF.

i) Since essentially the underlying sets are the same, it suffices to show that the map is
a homomorphism. But for z,y € M",

T @zy=F(r,y) =2z +y (mod M*™).
Hence z +y € M** C M™.

ii) Let x € F# (M) be a m-torsion element. To show that there exists n € N such that
[p"]z = 0 we can consider the element [p" ']z and show that its order is p. In other
words, it suffices to prove that there are no non-zero torsion elements of order prime
to p.

Thus let m > 1 be prime to p (arbitrary if p = 0) and z € .% (M) an element with
[m]z = 0. We must see that z = 0.

Since m is prime to p, m ¢ M, namely, m € R*. From proposition ii, [m] is an
isomorphism of the formal group .# over R to itself, so induces an isomorphism

m] : F(M) =5 F(M).

In particular, it has trivial kernel, so = = 0.
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3.1.3 Minimal Weierstrass Equations

Let E/K be an elliptic curve. Recall that if we have the curve in a Weierstrass form, we
can change coordinates doing

2

(z,y) — (u 2z, u3y),

with u € M. Hence, we have

y2 + a2y + asy = x>+ a2x2 + aqx + ag,

u_6y2 + alu_5xy + a3u_3y = u %% + apu 2 + aqu i + ag,
y2 + ajury + a3u3y = 2° + apu’s? + aguts + agul.

Namely, each a; becomes a; - u'. If we choose u divisible by a large power of 7, we can
have the coefficients of the Weiestrass form in R, because v(a; - u') > 0 for every i. Then
A € R too, (recall the associated quantities table ; and since v is discrete, we can look
for an equation with v(A) as small as possible.

Definition 3.1.14 (Minimal equation of an elliptic curve) Let E/K be an elliptic
curve. A Weierstrass equation is called a minimal (Weiestrass) equation for E at v if
v(A) is minimized, subjet to the condition ay, as, as, a4, as € R. This value of v(A) is the
valuation of the minimal discriminant of E at v.

Remark 3.1.15. How can one tell that a given Weierstrass equation is minimal? Let A € R
be the discriminant of the equation. If the equation is not minimal, there is a change of
variables (remark [2.1.3)) giving a new equation with discriminant A’ = u'?A € R. Then,

v(A") = v(uA) = v(u'?) +v(A) = 12k + v(A)
for any k € Z. Thus v(A) can only be changed by multiples of 12, so we can conclude that
if a; € R and v(A) < 12, then the equation is minimal.

In fact, if char(K) # 2,3 the converse holds. Moreover, for an arbitrary field K there is
an algorithm, known as Tate’s algorithm [74] pg. 36], which determines whether a given
equation is minimal.

Proposition 3.1.16 We have the following statements:
i) Every elliptic curve E/K has a minimal Weierstrass equation.
ii) A minimal Weierstrass equation is unique up to a change of variables
r =ux + T,
y = u'y +usax’ +t,

with w € R* and r,s,t € R.
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ii1) Conversely, if one starts with any Weierstrass equation with coefficients a; € R, then
any change of coordinates
r =ux +r,
y = udy + ulsa’ +t,
used to produce a minimal equation satisfies u,r,s,t € R.

PROOF.

i) It is followed by the fact that one can find some Weierstrass equation with a; € R
and v is discrete.

ii) We know that any Weierstrass equation for £/ K is unique up to the standard change
of variables by remark with v € K* and r,s,t € K. Now suppose the given
equation and the new equation are both minimal and that the coefficients are in
R. From the definition of minimality, v(A) = v(4A’), but A’ = u'?A. Thus, u € R*.
Now, from the associated quantities table[2.1.3] we have that from the transformation
of bg it follows 47 € R, so r € R. Finally, the transformation for as gives s € R and
that for ag gives t € R.

iii) Since A’ = u'2A and v(A) > v(A’), because the new equation is to be minimal, we
see that v(u) > 0, hence u € R. To show that r,s,t € R we can repeat the argument
in the statement above.

i

3.1.4 Reduction Modulo 7

Let us consider the natural reduction map
R — k= R/7R; tst,

and suppose that we have a minimal Weierstrass equation for E/K. We reduce its
coefficients modulo 7 to obtain a (possibly singular) curve:

E: Y+ @y 4 Ay = 2° + Gex® + aux + .
The curve E/K is called the reduction of F modulo 7. From proposition 3.1.16}ii,

since we started with a minimal equation for E, the equation for F is unique up to the
standard change of coordinates (remark [2.1.3) for Weierstrass equations over k.

Let P € E(K). We can find homogeneous coordinates P = [zg : yo : 2] with
%o, Y0, 20 € R and at least one in R*. Then the reduced point P = [Zo : o : Z] is in
E(k). This gives a reduction map

E(K) — E(k); P+~ P.
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Remark 3.1.17. More generally, one can define a reduction map
P"(K) — P*(k)

and the above map is just the restriction to E(K) C P?(K).

Now the curve E /K may or may not be singular, but in any case, Em(k:) forms a group
from proposition [2.2.7, We define two subsets of E(K), the non-singular reduction and
the kernel of reduction respectively, as follows:

Ey(K) = {P € BE(K) : P € Eu(k)},
E\(K)={Pec E(K): P=0]}.
Proposition 3.1.18 There is a short exact sequence of abelian groups
0 = Ey(K) -5 Eo(K) -5 Eny(k) — 0,
where [ is the restriction to Eo(K) of the reduction map modulo .
PROOF.

e Fy(K) is a subgroup of E(K).
We just have to see that

P,Q € Ey(K) = P+ Q € Ey(K).

But from the definition of Ey(K), this is equivalent to

P,Q € En(k) = P+Q € Ep(k).

As the group law on E(K) and E(k) are defined by taking intersection of E with
lines in P2, it is suffice to check that the reduction map P*(K) 2 P?(k) takes lines
to lines. But this is easy to prove. Let P = [zg : yo : 20] € P?(K) with zg, 30,20 € R
and let L : Y = mX +bZ be a line in P?(K). We have to see that v(P) = P satisfies
the equation of the reduction of L, namely L : Y = mX + bZ. As P € L we have
Yo = mxo + bzg, then P =[xy : mxg + bzo : 2] and

P = [ : mxo + bzg : 5] = [To : Mg + b3 : Zo]
Thus, yo = mTo + l;éo and P € L.
e The map [ is a homomorphism.

It is also followed from the fact that + takes lines to lines.

e The map « is an injective homomorphism.
It is clear from the fact that Fy(K) C Eo(K): let P € Fy(K), thus P = O. But
O € E,,(k), hence P € Ey(K). So we can take o : E1(K) < Eo(K) as the inclusion
map and then Im a = F;(K).
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e ker f =1Im a.
It is clear from the definition of F;(K):

Pckerff < P=0 <= PecFE(K)=Imo.

e The map f is sujerctive.
Let

f(z,y) =y* +arvy +asy — 2° — asr® — ayx —ag =0
be a minimal Weierstrass equation, let f (z,y) be the corresponding polynomial with

coefficients reduced modulo 7, and let P = (\ ) € E,,(k) be any point. Since P is
a non-singular point of £ we know that either

of
ox

of

(P)#0 or o

(P) #0.

Suppose that it holds the former (the other case is enterily similar). Choose any
Yo € R such that gy = p, and look at the equation

f(l’,yo) =0.

When reduced modulo 7 this equation has A as a single root, since df /0x # 0.
Hence, by Hensel’s Lemma (lemma3.1.1]) the root A can be lifted to an zy € R such
that To = A and f(zo,yo) = 0. Then the point P = (xq,y0) € Fo(K) reduces to P.

g

Note that if F is non-singular, E,, = E, and so Ey(K) = E(K). In this case, the
proposition above says that

E(k) ~ E(K)/E\(K).

Or, equivalently, that E(K) is built up from two pieces, E;(K) and E’(k’), where k is a
smaller field.

The next result says that Ey(K) is essentially E(M).

Proposition 3.1.19  Let E/K be an elliptic curve given by a minimal Weierstrass
equation, let E /R be the formal group associated to E (ezample , and let w(z) € R][z]]
be the power series from proposition[3.1.5. Then the map

BM) = Ei(K); =z (L —L)

w(z)" w(z)

is an isomorphism. (We understand that z =0 goes to O).



3.1. THE WEAK MORDELL-WEIL THEOREM 67

B
w(z)’ w(z)

pair of power series, satisfies the Weierstrass equation for E. Since

PROOF. From proposition |3.1.3}ii, the point (

), when considered as a

w(z) =2*(1+--) € R[[2]],

z

1
 — Visin B(K
o ) )
for = € M, and since v(—1/w(z)) = —3v(z) < 0, it is even in F;(K). Thus we have a

well-defined map of sets

we see that w(z) converges for every z € M. It follows that <

BM) - By(K), 2 (ﬁ _ﬁ) |

Further, in deriving the power series giving the group law on E, we simply used the
group law on FE in the (z,w)-plane and replaced w with w(z). Therefore the map is a
homomorphism. Further, since w(z) = 0 only for z = 0, the map is injective, so it remains
to show that the image is all of Fy(K).

Let (z,y) € Ey(K). Since (x,y) reduces modulo 7 to the point at infinity on E’(k), we
see that v(z) < 0 and v(y) < 0. But then from the Weierstrass equation y?+--- = 23+ -
we must have

3v(z) = 2v(y) = —6r,
for some integer r > 0. Hence x/y € M, so the map
x

E\(K) = E(M), (z,y) — =y

is well-defined. Again, since the group law on F (M) is defined using the group law on E,
this map is a homomorphism, and it is clearly injective. Hence we have two injections

E(M) = BE(K) < E(M)
whose composition is the identity map, so they are isomorphisms.
0

The following proposition gives a fundamental tool to prove the weak Mordell-Weil
theorem.

Proposition 3.1.20 Let E/K be an elliptic and m > 1 an integer relatively prime to
char(k).

i) The subgroup E1(K) has no non-trivial points of order m.
i) If the reduced curve E [k is non-singular, then the reduction map
E(K)[m] — E(k)

18 1njective.
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PROOF. From proposition (3.1.18)) we have an exact sequence
0— Fy(K) = Eo(K) = E,(k) — 0.

i) From proposition [3.1.19, Ey(K) ~ E(M), where E is the formal group associated to
E, and from our general result on formal groups, proposition (3.1.13)), E(M) has no
non-trivial elements of order m.

ii) Now, if F is non-singular, than Ey(K) = E(K) and E,.(k) = E(k), so the m-torsion
in F(K) injects into E(k).

3.1.5 Proof of Weak Mordell-Weil Therorem

Our goal in this section is to prove the Weak Mordell-Weil Theorem. For the rest of the
chapter, £/K and m will be as the statement above. Moreover, we use the following

notation:
K, : completion of K in v for v € M.

R, : ring of integers of K, for v € M.
M, : maximal ideal of R, for v € Mp..
k : the residue field of R, for v € M.

Lemma 3.1.21 Let L/K be a finite Galois extension.
E(L)/mE(L) is finite = E(K)/mE(K) is finite.
PROOF. The inclusion E(K) C E(L) induces a natural map
E(K)/mE(K) % E(L)/mE(L)
which kernel is

E(K)NmE(L)
mE(K)

Then for each P mod(mE(K)) € ker ¢, there exists Qp € F(L) such that [m|Qp = P. We
define now a map of sets (which is not, in general, a group homomorphism)

ker ¢ =

Ap: Gal(L/K) — E[m]; Ap(0) = Q% — Qp.
This map is well defined since A\p(c) € E[m] because

[ml(Q% — Qp) = [MQF — [m|Qp = (mQp)” ~ P=P" P =0.
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Suppose that P, P’ € E(K)NmE(L) satisfy A\p = Ap. Then for all 0 € Gal(L/K),
Ap(0) = Api(0) = Qp — Qp = Qp — Qp
= Qp —Up =Qp—Qp
= (Qpr —Qp)" =Qp — Qp
= Qp — Qp/ c E(K)
It follows that
P —P'=[m|Qp = [m|Qp = [m)(Qp — Qp) € mE(K),
and hence, P = P’ mod(mFE(K)). This proves that the association
ker  — Map(Gal(L/K), E[m]); P — A\p;

is one-to-one. But Gal(L/K) is finite because L/K is finite; and E[m] is also finite by
theorem [2.4.2] hence there is only a finite number of maps between them. Therefore, ker ¢
is finite.

Finally, the exact sequence

0— ker¢ - E(K)/mE(K)— E(L)/mE(L) — 0
nests E(K)/mE(K) between two finite groups, so it is finite too.
0
So, if we want to prove the weak Mordell-Weil theorem (theorem for an arbitrary

K it suffices to prove it under the assuption that
E[m] C E(K).

because the previous lemma tells us that if E(K)/mFE(K) is finite, E(K")/mE(K") is finite
too for any subfield K’ of K. For the reminder of this chapter we will assume that this
inclusion is true.

We recall now the definition of pairing and perfect pairing.

Definition 3.1.22 (Pairing) Let R be a commutative ring with unit and let M, N, L be
R-modules. A pairing is any R-bilinear homomorphism

p:MxN =L,
i.e., p satisfies:
e p(rm,n) = p(m,rn) =rp(m,n) for allr € R, m € M and n € N.
o p(my + mao,n) = p(my,n) + p(ma,n) for all my,mes € M and n € N.

o p(m,ny +ng) = p(m,ny) + p(m,ns) for all m € M and ny,ny € N.
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Definition 3.1.23 (Perfect pairing) Let R be a commutative ring with unit and let
M, N, L be R-modules. We say that a pairing p : M x N — L is perfect if

p(m,-) : N — L is the trivial homomorphism, i.e., p(m,-) =1, <= m =1,
and
p(,n) : M — L is the trivial homomorphism, i.e., p(-,n) =1, <= n = 1y.

Remark 3.1.24. Let R be a commutative ring with unit and let M, N, L be R-modules.
The pairing p: M x N — L can also be considered as a homomorphism of R-modules:

®, : M — Hompg(N, L); &1 (m)(n) := p(m,n),
®y: N — Homp(M, L); Dy(n)(m) := p(m,n).

Particulary, if p is perfect, then ker ®; and ker ®, are both trivial, i.e., ®; and ®, are both
injective.

In fact, it can be shown that p is perfect if, and only if, ®; and ®, are both isomorphisms,
but we do not need this in our context.

Lemma 3.1.25 Let M, N and L be Z-modules, i.e. abelian groups, and letp: M xN — L
be a perfect pairing. If L is finite then either M and N are both infinite, or M and N are
both finite.

PROOF. Without loss of generality, suppose M finite and N infinite. As M is finite,
Hom(M, L) C Maps(M, L) is finite and we have the map

®: N — Homgr(M, L), ®(n)(m) := p(m,n).

to the infinite group N into the finite group Hom(M, L). But as p is a perfect pairing, ®
is injective, which is impossible.

0

Now we are going to translate the putative finiteness of E(K)/mE(K) into a statement
about certain field extension of K. In order to do this, we use the following tool.

Definition 3.1.26 (Kummer pairing) The Kummer pairing
k:E(K)x Gal(K/K) — E[m]

is defined as follows. Let P € F(K) and choose any point Q € F(K) satisfying [m]Q = P.
Then

K’(P70-> :QU_Q-

The basic properties of the Kummer pairing are exposed in the following proposition.
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Proposition 3.1.27 The following statements hold:
i) The Kummer pairing is well-defined.
ii) The Kummer pairing is bilinear.
ii1) The kernel of the Kummer pairing on the left is mE(K).
w) The kernel of the Kummer pairing on the right is Gal(K /L), where
L = K(lm|"'E(K))

is the compositum of all fields K(Q) as Q) ranges over the points in E(K) satisfying
(m|Q € E(K).

Hence the Kummer pairing induces a perfect bilinear pairing
E(K)/mE(K) x Gal(L/K) — E[m],
where L is the field given in (iv).
PROOF.

i) We must show that (P, o) € E[m] and it does not depend on the choice of Q). For
the first statement, we have

[m)(Q7 — Q) = [m]Q° — [m]Q = ([m]Q)” — P =P° —P=0.

since P € E(K) and o fixes K. For the second statement, we note that any other
choice has the form @ + T for some T' € E[m]. Then

R(Po)=(Q+T) - (Q-T)=Q"+T7-Q-T=0Q"-Q,

since we have assumed T' € E[m| C E(K).

ii) To check linearity in the first coordinate, let P, P' € E(K) and Q, Q" € E(K) such
that [m]Q = P and [m]Q" = P'.

K(Po) +r(FL0)=Q° —Q+(Q) Q' =(Q+Q) — (@+Q) =P+ F,0)
To check linearity in the second coordinate, let 0,7 € Gal(K/K) and compute
K(PoT)=Q7 —Q=Q7-Q"+Q"-Q =(Q"— Q)" +Q"—Q = K(P,0)" +r(P,T)

but as k(P,0) € Elm| C K, then k(P,0)" = k(P,0).



72 CHAPTER 3. THE MORDELL-WEIL THEOREM

iii) (mE(K) C ker k(+,0)) Suppose that P € mE(K), say P = [m]Q for some Q € E(K).
Then @ is fixed by every o € Gal(K/K) so

K(P,o)=Q° —Q=0.
(ker s(-,0) C mE(K)) Suppose that x(P,0) = O for all 0 € Gal(K/K). Then
choosing some Q € E(K) with [m]Q = P we have
Q° = Q for all o € Gal(K /K).
Therefore Q € E(K), so P = [m]Q € mE(K).
iv) (Gal(K/L) C kerk(P,-)) If 0 € Gal(K /L) then
K(Po)=Q —Q=0

because ) € E(L) by definition of L.
(ker k(P,-) C Gal(K/L)) Suppose that o € Gal(K/K) satifies k(P,0) = O. Then,

for every point @) € E(K) satisfying [m]Q = P we have
O:K,(P,O'):QU—Q

But, by definition, L is compositum of K (Q) over all such @, so o fixes L. Hence,
o€ Gal(K/L).

Moreover, as we have the pairing x : E(K) x Gal(K/K) — E[m)], then there exists a
homomorphism

®: Gal(K/K) — Hom(E(K), E[m)]); o k(- 0).

The kernel of this homomorphism is ker & = Gal(K/L) by (iv), so Gal(K/L) is a normal
subgroup of Gal(K/K), thus L/K is Galois. The last statement is clear from this fact,
definition [3.1.23| and statements (ii7) and (iv) of this proposition.

i

It follows from the previous proposition and lemma [3.1.25[ that the finiteness of
E(K)/mE(K) is equivalent to the finiteness of the extension L/K. Let us analyze this
extension.

Definition 3.1.28 (Good and bad reduction) Let K be a local field complete with
respect to a discrete valuation v, let R be the ring of integers of K and M its maximal
ideal. Let E/K be an elliptic curve and let E be the reduction modulo M of a minimal
Weierstrass equation for E. We say that E has good reduction if E is nonsingular; and
that F has bad reduction in other case.
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Definition 3.1.29 Let K be a number field and let /K be an alliptic curve. Let v € M}
be a discrete valuation. Then E is said to have good (bad) reduction at v if E has good
reduction when cosidered over the completion K,. Taking a minimal Weierstrass equation
for £/ over K, we denote the reduced curve over the residue field by EU k.

If we take any Weierstrass equation for F/K, for example,
E:y? + a1xy + asy = 2° + asx® + aux + ag,
say with discriminant A. Then for all but finitely many v € My we have
v(a;) >0fori=1,...,6 and v(A)=0.

For any v satisfying these conditions, the given equation is already a minimal Weierstrass
equation, because v(A) = 0 and it cannot be lower; and the reduced curve E,/k, is
nonsingular.

Proposition 3.1.30 (Restatement of [3.1.20}ii) Let v € MY be a discrete valuation
such that v(m) = 0 and such that E has good reduction at v. Then the reduction map

E(K)[m] = E,(k,)
18 1njective.

Definition 3.1.31 (Unramified extensions of fields) If L/K is a field extension with
residue fields [ and k respectively, we say that L/K is unrimified if

IL:K]=1l:k].

Unrimified extensions of K correspond to extensions of the residue field k, so Gal(K /K)
descomposes as

1—— Gal(K/K™) — Gal(K /K) — Gal(K™ | K) — 1

I, Gal(k/k)

where K™ is the maximal unramified extension of K and I, is the inertia subgroup of
Gal(K/K). In other words, the inertia group I, is the set of elements of Gal(K/K) that
act trivially on the residue field k.

Definition 3.1.32 (Set unrimified at v) Let ¥ be a set on which Gal(K/K) acts. We
say that ¥ is unrimified at v if the action of I, on ¥ is trivial.

Proposition 3.1.33 Let
L = K(lm|""E(K))

be the field defined in proposition |3.1.27.
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i) The extension L/K is abelian and has exponent m, i.e, Gal(L/K) is abelian every
element of Gal(L/K) has order dividing m.

ii) Let

S ={v € M} : E has bad reduction at v} U{v € My : v(m) # 0} U M5?.
The L/K is unrimified outside S, i.e., if v € Mg \ S then L/K is unrimified at v.
PROOF.

i) As we have the pairing x : E(K) x Gal(K/K) — E[m], then there exists a
homomorphism

®: Gal(K/K) — Hom(E(K), E[m]); o K(,0)
with ker ® = Gal(K /L), by the first isomorphism theorem,

Gal(K/K)/Gal(K /L) ~ Im(®) C Hom(E(K), E[m])
But by the first isomorphism theorem for groups,

Gal(L/K) ~ Gal(K/K)/Gal(K /L),
so there is an injection
Gal(L/K) — Hom(E(K), E[m]), o k(- 0).

But E(K) and E[m] are both abelian, so L/K is abelian; and

(f_|_ m)

so o(f)|m.

- +f(P)=[m]f(P)=0 forall fe Hom(E(K), E[m])

ii) Let v € Mg\ 9, let @ € E(K) such that [m]Q € E(K) and let K’ = K(Q). It

suffices to show that K’/K is unrimified at v, since L is defined as the compositum
of all such K'. Let v" € Mg be a place of K’ which extends v and let k] /k, be the
corresponding extension of residue fields. The assumption that v ¢ S ensures that
E has good reduction at v, so it also has good reduction at v’, since we can take the
same Weierstrass equation and |A|, = |A], = 0. Thus, we have the reduction map

E(K') = E(K.).

Let 1,7/, C Gal(K/K) be the inertia group for v'/v, and take any element o € Is/,.
We have to show that o acts trivially on k;,. By definition, an element of inertia such
as o acts trivially on E(k!,), so
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On the other had, as [m]Q € E(K),

m)(Q° = Q) = ([M]Q)” - [m]Q = O.

Hence Q7 — @ is a point of order m that is in the kernel of the reduction-modulo-v’
map. But as the reduction map

E(K)[m] = E,(k,)
is injective by proposition [3.1.30 we have
C-Q=o0,

so @ is fixed by every element of /,s/, and hence that K’ = K(Q) is unrimified over
K at v'. As this is for all v" lying over v for every v ¢ S, K'/K is unrimified outside
of S.

g

The only thing it remains to show is that L/K is finite. We use Hermite’s theorem,
which is a corollary of Minkowski’s theorem.

Theorem 3.1.34 (Hermite’s theorem) Let K be a number field and let S be a finite set
of places on K. Then there exists a finite number of unrimified extensions K'/K outside
of S such that

[K/ : K] < Ny,

for any Ny € Z+.

We are finally in position to prove the Weak Mordell-Weil theorem. Recall that the
statement of the theorem was the following:

Theorem 3.1.35 (Weak Mordell-Weil Theorem) Let K be a number field, let E/K
be an elliptic curve and let m € Z with m > 2. Then

E(K)/mE(K)
s a finite group.

PROOF. Let
L = K(lm]™ E(K)),

and
S = {v € M}, : E has bad reduction at v} U{v € My : v(m) # 0} U M.

Proposition [3.1.33| tells us that if Q € E(K) such that [m]Q € E(K) then the extension

K'/K, with K' = K(Q) is finite and unramified outside of S. Moreover, if Q' € E(K)
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is another point such that [m|Q’ = [m]Q, then Q" must have the form Q' = Q + T, with
T € E[m| C E(K). In other words, the Galois conjugations of ) must have the form
Q + T, with T' € E[m], hence

[K(Q) : K] <m?.

So, if @ is going over [m] 'E(K) it only appears in a finite number of extensions
K' = K(Q)/K, each of them with finite index by Hermite’s theorem [3.1.34, Now as
L is defined as the compositum of all such K’, L/K is finite. But by proposition
the pairing

E(K)/mE(K) x Gal(L/K) — E[m)|

is a prefect pairing, hence the finiteness of E(K)/mFE(K) is equivalent to the finiteness of
L/K, the result has been shown.

g

3.2 The Descent Procedure

In this section we prove the Descent Theorem, setting the sort of function (known as height
function) needed to show that an abelian group is finitely generated. Recall from theorem
[3.0.5] the statement of the Descent Theorem:

Theorem 3.2.1 (Descent Theorem) Let A be an abelian group. Suppose that there
exists a (height) function
h:A—=R,

with the following properties:
i) Let QQ € A. There is a constant Cy € R, depending on A and @), such that

h(P+ Q) < 2h(P) +Cy for all P € A.

it) There are an integer m > 2 and a constant Cy € R, depending on A, such that

h(mP) > m*h(P) — Cy for all P € A.

ii1) For every constant C3 € R, the set
{Pe€A:h(P)<Cs}
s finite.

Suppose further that for the integer m in (i1), the quotient group A/mA is finite. Then A
1s finitely generated.



3.2. THE DESCENT PROCEDURE

PROOEF. Choose @)1, ..

let P € A be an arbitrary element.

7

., Q, € A to represent the finitely many cosets in A/mA, and

The idea is to show that the difference between P and an appropiate linear combination

of Qh ..
of P. Then @, ...

genetators for A.

We begin writing

P:mP1+Qi1

for some 1 <4, <.

., @, is a multiple of a point whose height is smaller that a constant independent
, Q) and the finitely many points with height less than this constant are

Next we do the same thing with P;, then with P, etc., which gives us a list of points

For any index j we have

where C7] is the maximum of the constants in (i) for Q@ € {—Qy,...
C1 depends on A and Q € {—Q1,...

depend on P.

P:mP1+Qi17
PIZmP2+Qi2a

Pn—l :mpn+Q2n7

0 1 ,
< ﬁ(%(Pj—l) + O] + )

— @,}. Note that

— @,}; and Cy depends on A, so netiher Cf nor Cs
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We use this inequality repeatedly, starting from P, and working back to P. This yields

| , 2 -
h(P,) < @(%(Pnfl) + O]+ Cy) = Wh(Pn—l) + ﬁ(cl +Cy)
2 1 , 1
< w(ﬁ(2h(Pn—2) + 1+ Cy)) + W(Cl + Cy)
2

1 2 )
h(P,-1) + (W + ﬁ> (C] +Cy)

[\

1
m2

IN

(—(2h(P,_3) + C] + Cy)) + (mi + %) (C]+ Cs)

m
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It follows that if n is large enough, then
1
h(P,) <1+ 5(0{ + Cy).

Since P is a linear combination of P, and @4, ..., Q,,
n
P=m"P, + Z mj_lQija
j=1

it follows that every P € A is a linear combination of points in the set

(@i QI UIQ € A h(Q) < T+ 5(Ch+ O}

Property (iii) from theorem tells us that this is a finite set, which completes the proof
that A is finitely generated.

g

Remark 3.2.2. What is needed to allow us to find generators for the group A7 First,
we must be able to calculate the constants C; = C;(Q;) for each of the elements
Q1,...,Q, € A, representants of the cosets of A/mA. Second, we must be able to calculate
the constant (5. Third, for any constant C3, we must be able to determine the elements
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in the finite set {P € A : h(P) < C3}. It can be shown that for the height fuctions
used on elliptic curves, all of these constants are effectively computable, provided that we
can find elements of E(K) that generate the finite group E(K)/mFE(K). The problem

is that nowadays there is no known procedure that is guaranteed to give generators for
E(K)/mE(K).

3.2.1 Heights on Projective Space

In order to use the descent theorem to prove the Mordell-Weil theorem, we need to
define a height function on the K-rational points of an elliptic curve. As elliptic curves are
given as subsets of projective space, in this section we study height functions defined on
projective space.

Example 3.2.3 Let P € P*(Q) be a point with rational coordinates. As Z is a

principal ideal domain, we can find homogeneus coordinates P = [z : ... : x,] satisfying
20, ..., Ty € Z and ged(zo, ..., x,) = 1. Then a natural measure of height of P is
H(P) = max{|xo|, ..., |za|}

With this definition, it is clear that for any constant C' € R, the set
{PeP"(Q):H(P)<C}
is finite. Indeed, it has at most (2C' + 1)" elements.

H will be used to define a height in P"(Q).

If we try to generalize this example to arbitrary number fields, we run into the difficulty
that the ring of integers need not to be a principal ideal domain. We thus take a somewhat
different approach.

Definition 3.2.4 (Set of standard absolute values) The set of standard absolute
values on Q, Mg, consists of the following:

i) Mg contains one archimedian absolute value defined by
|]0o = max{z, —x},
i.e., the usual absolute value.

ii) For each prime p € Z, the set Mg contains one nonarchimedian (p-adic) absolute
value defined by

p 5‘ =p ", for a,b € Z satistying p t ab.

The set of standard absolute values on a number field K, M, is the set of absolute
values of K whose restriction to Q is one of the absolute values in Mg
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From now on, and until the end of this chapter, My is the set of standard absolutes
values on a number field K.

Definition 3.2.5 (Local degree) Let v € M. The local degree at v, denoted by n,,
is

Ny = [Kv : Qv]»

where K, and QQ, denote the completions of K and Q with respect to the absolute value v.

Theorem 3.2.6 (Extension Formula) Let L/K/Q be a tower of number fields, and let

veE Myg. Then
Z Ny = [L: K] - n,,

wGML
wlv

where w|v means that w restricted to K is equal to v.

Theorem 3.2.7 (Product Formula) Let v € K*. Then

I1 1l =

vEMK

As this is not a text on number field theory, we are not proving these two formulae. To
see the proof we can consult any text on algebraic number theory such as [45, chap. II, §1]
(for extention formula) and [54], chap. 8] (for product formula).

We now define the height of a point in projective space.

Definition 3.2.8 (Height in P"(K)) Let P € P"(K) be a point with homogeneous
coordinates P = [zg : ... : x|, Zo,...,z, € K. The height of P (relative to K) is
defined by

Hy(P) = H max{|zoly, .-, |[Tnlu}"""

vEM g

As in example [3.2.3, we will use this Hx function to define a height on P"(K) in the
next section.

Proposition 3.2.9 Let P € P"(K).

i) The definition of Hx(P) does not depend on the choice of homogeneous coordinates
for P.

i) Hg(P)> 1.
iii) Let LK be a finite extension. Then Hp(P) = Hy(P)FK],

PROOF.
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i) Any other choice of homogeneous coordinates for P has the form P’ = AP =
Az, ..., Ax,] for some A\ € K*. Using the product formula [3.2.7, we have

Hy(P) = [] max{|Azoly, ..., [Azalo}™

’UeMK

= H IAle max{|xo|v, .- - |Tn|o}™

'UGMK

e H maX{|ﬂ7o‘m sy |‘r'fl|v}nqu

UGMK

= Hy(P).

ii) Given any point P € P"(K), we can find an homogeneous coordinates for P such
that at least one of the coordinates is 1. Then every factor in the product defining
Hy is at least 1.

iii) It suffices to compute

Hy(P)= H max{|Tolw, - - s |Tn|w}™

weMfp,
z, €K Nw
=S I T mex{lzolo, - faal}
vEMK w€]|WL
= ] max{|zolo, ... |zals}>="
vEME
TT mastlole, . ol J50
’UEMK
O
Remark 3.2.10. It K = Q, then Hg agrees with the more intuitive height function given in
example [3.2.3] To see this, let P = [zg : ... : z,] € P"(Q) with homogeneous coordinates
such that =1 € Z and ged(xg,...,x,) = 1. Then for any nonarchimedian absolute value

v € Mg, we have |z;|, <1 for all ¢ and |z;|, = 1 for al least one ;. Hence in the product
defining Hg(P), only the factor of archimedian absolute values contributes, so

Ho(P) = max{|zo|oc, - -+ [Tnloo}-
In particular, it follows that for any constant C', the set
[P eP(Q): Hy < C)

is finite.
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Our goal is to extend this statement to Hy somehow.

Definition 3.2.11 (Absolute height) Let P € P*(Q). The (absolute) height of P,
denoted by H(P), is defined as follows. Choose a number field such that P € P*(K'). Then

H(P) = Hy(P)"/9,
where we take the positive root.

We see from proposition [3.2.9}iii that H(P) is well-defined and independent of the
choice of K and proposition [3.2.9}ii implies H(P) > 1.

We now investigate how the height changes under mapping between projective spaces.
Let us recall what a morphism of degree d is defined:

Definition 3.2.12 (Morphism of degree d) A morphism of degree d between
projective spaces is a map

F:P" — P™ F(P)=1[fo(P):...: fm(P)],

where fo,..., fm € @[XU, ..., X,] are homogeneus polynomials of degree d which not
vanishes together in @nﬂ except for (Xo,..., X,) =(0,...,0).
If F' can be written having coefficients in K, F' is said to be defined over K.

Theorem 3.2.13 Let

F: P — P
be a morphism of degree d. Then there are positive contants C7 and Cy, depending on F,
such that

C1H(P)* < H(F(P)) < CoH(P)*,  for all P € P*(Q).
PROOF. Let F = [fo,..., fm], where f; € Q[Xy, ..., X,] are homogeneus polynomials

of degree d having no common zeros; let P = [zg : ... : z,] € P"(Q) be a point with
algebraic coordinates. Choose a number field K that contains z,...,x, and all of the
coefficients of the f;, for allt=10,...,n.

For each absolute value v € Mg we define

|P|, := max |z;], and |F(P)|, := max |f;(P)ly

0<i<n 0<j<m
and we also define
|F|, := max{|al, : a is a coefficient of some f;}.

Then from the definition of height, there are some natural definitions

Hi(P):= [[ 1Pl and  Hx(F(P)):= [] IF(P),

vEME vEMK
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and it also makes sense to define

Hy(F):= [[ IFly = H(lao: a1 : .. ]),

vEME

where a; are the coefficients of the f;.
Finally, we let C'; and C5 be two constants that depend on n, m and d, and we set

1, ifve MpP,
p(v) = . o
0, ifve M.

In other words, the function p discriminates whether v € My is archimedian or not. With
this definition, we can write the triangle inequality as

[ty + - F ta]y < nP) max{|t1|y, -, [tnlo} (3.2)
for all v € Mk, both archimedian and nonarchimedian.

With all this notation, we prove first the upper inequality of theorem [3.2.13] Suppose
that for each 7 = 1,..., m we have

10 i1 i vry 1,

P — Ao a;iq,o Qg anl Qo Qp
filP) = ajyx” - a4 ag,x” - apt a1 -t

with
n
Za;-" =d, fori=1,...,m;andk=1,...,7;
5=0
where aj-’“ denotes the exponent of the coordinate x;, whose coefficient is a;, and r; is the

number of terms of the polynomial f;.
The triangle inequality yields

aéo o0 aél ol a(i)ri alri
P = laigrf? o0 + gl o b
BB ) ald o agt ol
< o max{|ag T’ e aft o ag ol 2Rt o}
) %, ir; Qps
p(v) Qg an Qg an’
< emax{|agly, - @, o} o max{|zg® e an o, [2g? et [o}
p(v) d
Scl |F|’U|P|’U
- n+d\ . .
where C) := maxXg<;<m, i, which is at most , i.e., the number of monomials of
== n
degree d in n + 1 variables. Since this estimate holds for every i = 0, ..., m, we have

|F(P)|, < C{ - |F|, - |P|.
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But then, if we raise to the n, power, multiply over all v € My, and take the [K : Q]*"
root, it yields the desired upper bound:
[F(P)], < C{"-|F), - |Pl;
= [F(P)[y < O™ - |F[y - Pl

= I 1@< I o 11 17 I 12l

vEME veMK vEM veM
= H(F(P) < Oy "™ o (F) - Hic(P)!
= HK(F(P)) /[K:Q] < (CZUGMK P(v)nv)l/[K:@] ,HK(F)l/[K:Q] ,HK<P)d-1/[K;Q]
= H(F(P)) < CyH(F)H(P)",

where in the last inequality, we have used the extension formula [3.2.6}

S o= 3 n = K, Q] = K Q]

vEM g ’UE]\4oo

And this equality holds because v = | - |, and then K,/Q, = K/Q.

Thus, setting C, = C1H(F'), we have the upper bound
H(F(P)) < C3H(P)?,

It is worth mentioning that along the proof for the upper bound, we have not used the fact
that the f; have no common nontrivial zeros. However, we will certainly need to use this
property to prove the lower bound, since without it there are counterexamples.

We now assume that the set

{QeA™(Q): fo(Q) =+ = fu(Q) =0}

consists of the single point (0,...,0). It follows from the Nullstellensatz (theorem ,
that the ideal

I= (f07"'7fm> e@[XO>"'7Xn]
contains some power X{ii for each ¢ = 0,...,n, since
Xi € VI=Z(V(fo..... fm)),
because X; vanishes on V' (fo,..., fi) = {(0,...,0)}. Thus, there exist some polynomials

gij € @[XO, ..., X, and e € Z, e > 1 such that

X = Zgijfi, for each 1 =0,...,n. (3.3)

J=0
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Replacing K by a finite extension if necessary, we may assume that each g¢;; €
K[Xy,...,X,], and discarding all terms of the right-hand side except those that are
homogeneous with degree e, we may assume that each g;; is homogeneous of degree e — d.
We further set the following natural notation

|G|, := max{|b|, : b is a coefficient of some g;;},

He(@) = ] 6.

veEMK

We observe that e and Hg(G) may be bounded in terms of m, n, d and Hg(F), although
finding a good bound is not easy. For our aim it is enough to know that e and Hg(G) do
not depend on the point P.

Recalling that P = [zg : ... : x,], we see that the identity for X¢, equation (3.3),
implies that

e __
|xi|v -

:E:g%j(l’}ﬂ(l))

Eq.(3.2)
<

5" max {|g;;(P) - fi(P)|.}

0<j<m

< O max {|g;;(P)|,} - max {|f:(P)].}

0<j<m 0<j<m

<Y max {|g(P)|,} - |[F(P)].-

0<j<m

Taking now the maximum over ¢, we obtain

e __ e p(v) . .. .
1Ple = s fals < O - e g (P} - |F(P)l (3.4
0<i<n

Each g,; is homogeneous of degree e — d, so the usual application of the triangle inequality,
as we have done before with F'; yields

19:5(P)|. < C5|Gl,| Pl

where ('35 may depend on e, but as noted earlier, we can bound e in terms of m, n and d.
Substituting this estimate into the inquality (3.4) and multiplying by |P|2~¢ gives

|P|2 < C{\G | F(P),.

And now, as we did before, we raise this inequality to the n, power, multiply over
v € Mg and take the [K : Q] root, yields the lower bound,

ClH(P)" < H(F(P))

for some positive constant Cf.
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g

The next corollary records the special cases of the theorem [3.2.13]for an automorphism
of P,

Corollary 3.2.14 Let A € GL,+1(Q), so multiplication by A induces an automorphism
A P* — P*. There are positive constants Cy and Cs, depending on the entries of the
matrix A, such that

C1H(P) < H(AP) < CyH(P),  for all P € P*(Q).
PROOF. This is theorem [3.2.13| for morphisms of degree one.
O

We now wonder if there is any relation between the coefficients of a polynomial and the
height of its roots. We will set the following notation to simplify our work.
Notation. For z € Q, let
H(z) = H([z : 1]),

and similarly for z € K, let
Hy(x) = Hi([z : 1]).

Theorem 3.2.15 Let f(T) € Q[T] be a polynomial of degree d defined by
f(T)=aeT? +a, T + -+ ag=ao(T —ay) - (T — o),

with ag # 0. Then

2 [[H(ay) < H(lag: a1 : ... ay)) <27 ] H(ay).

J=1 J=1

PROOF. Without loss of generality, we can assume that ag = 1 because the inequality
to be proven remains unchanged if f(7) is multiplied by a nonzero constant.
Let K = Q(ay,...,aq), and for v € M,

2, if Mpe
e(v) =" 1 ve 10<>
1, ifve Myg.

Note that this notation differs from the notation used for p(v) in the proof of theorem
3.2.13 In the present instance, the triangle inequality reads

| + yl, < e(v) max{|x|,, |yl,} forv e My and z,y € K. (3.5)

with equality if v € My and |z|, = |y]..
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To get the desired result, it suffices to prove that

d d
—d } < 1< d—1 ‘
elo) [T max{loslo 1} < guocflals} < e(0)* TJmax{loslo 1)
J= J=

beause once we have showed this, we just have to raise to the n, power, multiply over all
v € Mg and take the [K : Q] root.
The proof is by induction on d = deg f.

e Base case.
For d = 1, we have f(T) =T — a3, we have a; = a1, so
e(v)’1 max{|aily, 1} < max{|ai|,, 1} < e(’u)o max{|ai|y, 1},

and the inequality clearly holds.

e Induction step.

Assume now that we know the result for all polynomials with roots in K of degree
d—1,1ie.,

d—1 d—1

—d+1 d—2

ey T [max{lofe. 1} < e (fal.) < e()" 2 [T oo 1)
J= Jj=

Let f(T) € Q[T] be a polynomial of degree d with all its roots on K and choose an
index ¢ = k such that

lagly > |ayl,  forall 0 <j <d,
and define a polynomial
g(I) =T =) (T = ap1)(T' — ) -+ (T' = a)
=0T + 0T + -+ by
Thus f(T) = (T — ay)g(T), so comparing coefficients yields
a; = b; — ayb;_q.
for all 0 <1 < d, setting b_; = by = 0.
The upper bound is obtained this way:
max {|a;|,} = &%ﬁﬂbi — agbi1v}

0<i<d
()

<
<e

e(v) a1l laubi-1].}

(v) max {[bi],} mac{lon, 1}

d

Hyp.

2 (o)t [ mas gl 1)
7j=1

Next, to prove the lower bound, we consider two cases.
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— If |ag|y < €(v), then by the choice of the index k, we have

d
HmaX{|Oéj|v, 1} < (max{|ag|., 1})d < e(v)d,

J=1

thus

<d

d
v)‘deaXﬂaﬂm 1} = e(v)e(v)’ =1 < max{lail.},

since ag = 1 by assumption.

— If |agly, > €(v). Then

max{|aifo} = max{[b; — oxbii}

T
> e(v)” 0I£1a<X{\b oy [okbiz1]o}
> e(w) Yol max (1)

The last inequality turns into an equality when v € MY, while for v € M we
are using the calculation

max{]b —agbi—1|v} > (Jagly — 1) max {|bi].}

0<i<d 0<i<d—-1

> e(0) gl max {163k}

since |ag|, > €(v) = 2.

Now, applying the hypothesis, we have

> 1
s {lalu} = () ol mmae {Ibilo}

d
v)~ T [ max{|ayl,, 1}.
Jj=1

U

The previous theorem will let us show that there are only finitely many points of
bounded height in projective space. To do this, we first need to show that the action of
the Galois group does not affect the height of a point.

Theorem 3.2.16 Let P € P*(Q) and let o € Gal(Q/Q). Then

H(P?) = H(P).
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PROOF. Let K/Q be a field such that P € P*(K). The field K may not be Galois

over Q, but in any case ¢ induces an isomorphism
o: K—K’={a’:a € K}.
This isomorphism induces another isomorphism in the absolute value set
0: Mg — Mgo; v = v,
where, if z € K and v € Mk, the associated absolute value v7 is such that satisfies
|27 [pe = ||,
It is clear that ¢ also induces an isomorphism
o: K,—K,,

so the local degrees satisfy n, = nyo.
We now compute

Hyo(P%) = H max{|z] |, }"

weEMgo
= T ma{jaglete
vEMEK
— H max{|z;|, }"
vEME
= Hg(P).
Since [K : Q] = [K7 : Q], we have H(P) = H(P?).
U
Theorem 3.2.17 Let C and d be constants. Then the set
{PeP"(Q): H(P) < C and [Q(P) : Q] < d}
is a finite set of points, where, if P = [xq:...: x,], then Q(P) = Q(zo/xs, ..., xn/2;) for

some x; # 0, known as the minimal field of definition for P. In particular, for any number
field K,
{PeP"(K): HP)<C}

s a finite set.

PROOF. Let P € P*(Q) with homogeneous coordinates, say, P = [z¢ : ... : x,], with
some z; = 1. Then Q(P) = Q(zo, . ..,z,), and we have the estimate

H max {|z;|,}" > max H max{|z;|y, 1} | = max Hop) ().

0<i<n 0<i<n 0<i<n
vEMq(p) vEMq(p)
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Thus, as by hypothesis H(P) < C and [Q(P) : Q] < d, then

C > H(P) = Hypr )(p)l/[Q(P):Q]

P):
> <§I<18&X Hopy(x ))1/[@( ):Q]

_ 1/1Q(P):Q)
max Hop)(2:)

= max H(x;),
0<i<n

and maXogign[Q(l'i) . @] S d.
It thus suffices to prove that the set

{r€Q: H(z) <C and [Q(x): Q] < d}

is finite, i.e., we have reduced to the case n = 1.

Suppose that 2 € Q is in this set and let e = [Q(x) : Q], so e < d. Further, let
r1,...,7, € Q be the conjugates of 2 by Gal(Q/Q) , where we take z; = x.

The minimal polynomial of x over Q is

Fo(T)=(T—21) (T —2.) =T + T " + - + a, € Q[T].
We estimate
H([1,xy,...,z]) < 2% 1HHxZ
th26 1H< )

< (20)4,

since H(z) < C and e < d.

Since the a; € Q for i = 1,...,e, as we saw in example there are only finitely
many points P € P*(Q) such that H(P) < (2C)4, hence there are finitely many posibilities
for the polynomial f,.(7), i.e., for the conjugates of x. Since each polynomial f,.(7") has at
most d roots in K, and thus it contributes at most d elements to our set, the set

{PeP"(Q): H(P) < Cand [Q(P): Q] < d}

is finite for any constants C' and d. Furthermore, if K is a number field with [K : Q] = e,
we have Hg(P) = H(P)® and thus

{PePYK): Hx(P) < C}C {PeP"Q): H(P) < CY and [Q(P) : Q] < e}

is finite because is a subset of a finite set.
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3.2.2 Heights on Elliptic Curves

In this subsection we use the theory of heights developed in the previously to define height
functions on elliptic curves. We will deduce from this work, the fact that F(K)/mE(K)
is finite, the Descent Theorem and thus the Mordell-Weil Theorem for arbitrary number
fields.

We begin recalling the ”big-O” notation. If f,g: S — R, we write
f=g+0(Q1)
if there are constants C; and C5 such that
Cy < f(P)—g(P)<(Cy, forall PeS.

Let E be an elliptic curve defined over a number field K. We know from example|[1.3.15
that any nonconstant function f € K(F) determines a surjective morphism,
fEoP, pe 0 ifPisapoleof f,
[f(P):1], otherwise.

We use f to define a height function on F(K) by setting
Hy(P) = H(f(P)).

The height function H tends to behave multiplicatively, but for our purpose is more
convenient to have a height function which behaves additively. This prompt the following
definitions.

Definition 3.2.18 (Logaritmic height) The (absolute) logarithmic height on
projective space is the function

h:P'(Q) = R;  h(P)=log H(P).
Note that proposition [3.2.9}ii tells us that hA(P) > 0 for all P.

Definition 3.2.19 (Height on a elliptic curve) Let E/K be an elliptic curve, and let
f € K(F) be a function. The height on F (relative to f) is the function

hy: E(K) = R; h(P) = h(f(P)).

We start by translating the finiteness result from the previous section (theorem |3.2.17))
into the current setting.

Proposition 3.2.20 Let E/K be an elliptic curve and let f € K(E) be a nonconstant
function. Then for any constant C, the set

{P € E(K) : hy(P) < C)

s finite.



92 CHAPTER 3. THE MORDELL-WEIL THEOREM

PROOF. The function f € K(FE) is defined over K, so it maps points P € E(K) to
points f(P) € P1(K). But we can write

{P e E(K):hg(P)<C}={PeEK):h(f(P)<C}
={P € E(K) :log H(f(P)) < C}
={P € E(K): H(f(P)) <}

We have then the following correspondence:

{Pe E(K):hf(P)<C}+— {Q cP(K): HQ) <e}.

The relation between the cardinals of these two sets depends on the degree of f, but by
proposition ((1.5.6i), the preimage by f of any @ € P!(K) must be finite. But theorem
3.2.17 tells us that the last set is finite, so the first one is finite too.

g

The following theorem gives a relation between height functions and the addition law
on an elliptic curve.

Theorem 3.2.21 Let E/K be an elliptic curve and let f € K(E) be an even function,
i.e., a function satisfying f o [—1] = f. Then for all P,Q € E(K), we have

hy(P+Q) +hy(P = Q) = 2hs(P) + 2h(Q) + O(1).

The constants inherent in the O(1) depend on the elliptic curve E and the function f, but
are independent of the points P and Q).

PROOF. Let E be given in a Weierstrass short normal form
E:y* =2+ Az + B.

We start by proving the theorem for f = z. The general case is then a collorary.
Since h,(O) = 0 and h,(—P) = h,(P),the desired result is clear if P = O or @ = O.
We now assume that P # O and @) # O and we write

x(P) =[xy : 1], z(Q) = [zq : 1], z(P+Q)=[z3:1], (P —Q)=[v4:1]

Here x5 or x4 may equal O if P = £(). The addition formula form propositoin [2.2.3| and
some algebra yield the relations

2(ZL‘1 +JZ2)(A+I’1ZL‘2) +4B (lL‘leg —A)2 —4B<1'1 +ZE2)
T3T4 = .
(1 + 22)% — 4129

+ oo, =
T3 (21 4 22)? — dxq29

Define a map g : P? — P? by

g([u, v, w]) = [v* — duv, 2(Au + w) + 4Bu?, (w — Au)* — 4Buw).
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Then the formulas for 3 and x4 show that there is a commutative diagram

ExE—Y-ExE

l l

o P! x P! P! x P! |o

| l

P2 7 . p2?

Where G(P,Q) = (P + Q, P — @) and the vertical map o is the composition of two
maps:

E x E — P' x P!, (P,Q) — (z(P),z(Q)),
and

P'x P' — PQ, ([a1 2 B, [a : Ba]) = (B2, a1 B2 + Bt ancy).

The idea here is that we are viewing u, v and w as representating 1, 1 + xo and x;x9, SO
g([u, v, w]) becomes [1, x5 + x4, x324].

The next step is to show that ¢ is a morphism, which will allow us to apply theorem
[3.2.13] We must show that the three homogeneous polynomials defining g have no common
zeros other than u = v = w = 0. Suppose that g([u,v,w]) = 0. If u = 0, then from

v? — duw = 0 and (w — Au)? — 4Buv = 0,

we see that v = w = 0. Thus we may assume that u # 0, so we may define a new quantity
x = v/2u. [Intuition: if we identify

u=1, v =1 + X9, W = T1T9,

then the equation v? — 4uw = 0 becomes (r; — z2)? = 0, s0 ; = x5 = v/2u. In other
words, we are now dealing with the case P = +(Q)].

Using the new quantity z, the equation v? — 4uw = 0 can be written as 2 = w/u. Now
dividing the equalities

2v(Au 4+ w) +4Bu® =0 and (w — Au)? — 4Buv = 0,
by t? and rewriting them in terms of z yields the two equations

Y(x) = 4w(A+ 2*) + 4B = 42° + 4Ax + 4B = 0,
¢(z) = (2 — A)? = 8Bz = 1* — 242> — 8Bx + A* = 0.
These polynomials should be familiar, since their ratio is the rational function that appears

in the duplication formula (proposition [2.2.3]). In order to show that ¢(z) and ¢(z) have

no common root, it suffices to verify the following identity:

(1222 + 16A)¢p(z) — (32® — 5Az — 27TB)wp(x) = 4(4A° 4+ 27B?) £ 0,
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because 4A3 + 27B% = A # 0 since E is a nonsingular elliptic curve. This completes the
proof that ¢ is a morphism.
We return to our commutative diagram and compute

ho(P+Q,P—Q)) = hiooG(P,Q))
— h(goa(P,Q))
M2 (0 (P,Q)) + O(1),

since g is a morphism of degree 2. To complete the proof of theorem [3.2.21] for f =z, we
will show that

h(o(Ry1, Ry)) = ha(Ry) + ha(Rs) +O(1), for all Ry, Ry € E(K).
Then, applying this relation to each side of the equation
ho(P+ Q. P —Q)) =2h(c(P,Q))+ O(1)

gives the result.
It is clear that if either Ry = O or Ry = O, then h(o(Ry, Ry)) is equal to
hy(R1) 4+ he(R2). Otherwise, we write

z(Ry) = [oq : 1] and z(Rs) = [ag 1 1],
and then
h(o(Ry, Ry)) = h([1 : aq + ag, aq02]) and hy(Ry) + he(R2) = h(ay) + h(as).
We apply theorem [3.2.15|to the polynomial (T + a4 )(T +as) to obtain the desired estimate
h(on) + h(ag) —log4d < h([1 : oy + ag, a102]) < h(ay) + h(az) — log 2.

Finally, in order to deal with an arbitrary even functionf € K(FE), we prove in the next
lemma that .
5
Then theorem [3.2.21] follows immediately on multiplying the proven relation for h, by

%degf.

hy = 5 (deg f)h, + O(1).

g

Lemma 3.2.22 Let f,g € K(E) be two even functions. Then

(deg g)hy = (deg f)hy + O(1).
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PROOF. Let z,y € K(E) be Weierstrass coordinates for £/K. We know from corollary
that the subfield of K(F) consisting of even functions is exactly K (x), so we can find
a rational function f(X) € K(X) such that there is a commutative diagram

| N

IP)l _7“>_]P>1

Hence, using theorem [3.2.13] and the fact that r is a morphism (from corollary [1.3.14)), we
deduce that
hy = hyor = (degr)h, + O(1).

The diagram tells us that
deg f = (degz)(degr) = 2degr,

so we find that
2hy = (deg f)h, + O(1).

The same reasoning applied to g yields
2hy = (deg g)h, + O(1),
and combining these last two equalities gives the desires result.
O
Corollary 3.2.23 Let E/K be an elliptic curve, and let f € K(FE) be an even function.
i) Let Q € E(K). Then
he(P+ Q) <2hs(P)+ O(1), for all P € E(K),
where O(1) depends on E, f and Q.
ii) Let m € Z. Then
hy([m]P) = m*h;(P) + O(1), for all P € E(K),
where O(1) depends on E, f and m.
PROOF.
i) It is clear from theorem [3.2.21] since h(P — Q) > 0.

hy(P+ Q) < 2hy(P) + 2h,(Q) + O(1),

J

v~

o(1)

where the new O(1) depends on F, f and Q.
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ii) Since f is even, it suffices to consider m > 0. We use induction to complete the
proof.

e Base case.
If m=0and m =1 is clear.

e General case.
Suppose that the result is known for m — 1 and for m. We take P = [m|P and
(Q = P in Theorem [3.2.21} so we find that

h([m + 11P) = —hs([m — 11P) + 2h(Jm] P) + 2h;(P) + O(1)
TP (m = 12k (P) + 2(m2hy(P)) + 2k (P) + O(1)
= (2m? — (m — 1)? + 2)h;(P) + O(1)
= (m®+2m + 1)kt (P) + O(1)
= (m+ 1)2h(P) + O(1).

Remark 3.2.24. We can restatement lemma [3.2.23li as follows:

Let Q € E(K). Then there is a constant C}, depending on F, f and @, such that
hf(P‘i‘ Q) < 2hf(P) +C, forall Pe E(K)

3.3 Proof of the Mordell-Weil Theorem

We now prove the theorem which we began this chapter:

Theorem 3.3.1 (Mordell-Weil Theorem) Let K be a number field, and let E/K be an
elliptic curve. Then the group E(K) is finetely generated.

PROOF. Choose any even nonconstant function f € K(F), for example, the z-
coordinate on a Weierstrass equation

r: BE(K) = PYK);

with
z([xo Yo : 1)) = [xo : 1] and z(O)=1[1:0].

The Mordell-Weil Theorem follows immediatly from the Weak Mordell-Weil Theorem
(theorem [3.0.4)) with m = 2, which assures that F(K)/2E(K) is finite; and the Descent
Theorem (theorem [3.0.5)) as soon as we show that the height function

hy: E(K) =R

has the following three properties:
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a) Let @ € F(K). Then there is a constant C}, depending on F, f and @, such that

hf(P—|— Q) < 2hf(P) + C; forall Pe E(K)

b) There is a constant Cy, depending on E and f, such that

hi([2]P) > 4hs(P) — Cy for all P € E(K).

c) For every constant C, the set
[P € B(K) : hy(P) < ()
is finite.

Here (a) is remark (3.2.24} while (b) is immediate from the m = 2 case of lemma|3.2.23}ii.
Finally, (c) is theorem [3.2.20]

H

3.4 Remarks on the Mordell-Weil group

The Mordell-Weil theorem says that the Mordell-Weil group F(K) of an elliptic curve
can be written in the form

E(K) ~ E(K)tps X Z",

where, as we will see in the following chapters, the torsion subgroup E(K ). is relatively
easy to compute, both in theory and in practice; nevertheless the rank r (also known as
geometric rank, r,) is more unknown and an effective procedure for determining it in all
cases is still been sought. There are a very few general facts known concerning the rank of
elliptic curves, but there are a large number of incredible conjectures.

The rank of a "randomly chosen” elliptic curve over QQ tends to be quite small, and it
is difficult to produce curves F/Q having even moderately high rank.

Nontheless, there exists the following conjecture:

Conjecture 3.4.1 There exist elliptic curves E/Q of arbitrary large rank.

A key piece of evidence for this conjecture comes from work of Shafarevich and Tate
[69] who showed that the analogous result is true for function fields, i.e., with Q replaced
by the field of rational functions F,(7"). The Shafarevich-Tate construction leads to curves
with constant j-invariant, ey € F,, but subsequent contructions by Shioda [70] for F,(T)
and Ulmer [78] for F,(T") give examples with nonconstant j-invariants.

Néron [60] constructed an infinite family of elliptic curves over Q having rank at least
10 and later authors have constructed families of rank up to 19. Within these families,
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clever search techniques due to Mestre [51] and others have yielded individual curves of
higher rank. For example, if we set Elkies [20] has produced the elliptic curve.

v +ay+y=a’—2°

— 20067762415575526585033208209338542750930230312178956502x
+ 344816117950305564670329856903907 /
420374855944359319180361266008296291939448732243429.

with rank F(Q) > 28.

In fact, the highest rank of an elliptic curve that is known so far (not only a lower
bound of rank) is equal 19 and it was found by Elkies in 2009 [19]. It improves previous
recoreds due to Kretschmer (r = 10), Schneiders-Zimmer (r = 11), Fermigier (r = 14),
Dujella (r = 15) and Elkies (r = 17, r = 18).

The following table contains some historical data on elliptic curve rank records.

| Rank > [ Year | Author(s) |
3 1938 Billing

4 1945 Wiman

6 1974 | Penney - Pomerance
7 1975 | Penney - Pomerance
8

9

1977 | Grunewald - Zimmert

1977 Brumer - Kramer

12 1982 Mestre

14 1986 Mestre

15 1992 Mestre

17 1992 Nagao

19 1992 Fermigier

20 1993 Nagao

21 1994 Nagao - Kouya
22 1997 Fermigier

23 1998 Martin - McMillen
24 2000 Martin - McMillen
28 2006 Elkies

Table 3.1: Historical data on elliptic curve rank records [31].

From another point of view, we could wonder what is the rank of an elliptic curve E
on average. In order to ask this question more precisely, we need a natural way to measure
the size of elliptic curves, so that we can order them by size. If E is an elliptic curve given
by y? = 2% + Az + B, we can define the (naive) heigh of £ as

h(E) := max4|A|*, 278,
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There are other mesures we can use to order elliptic curves by size, as the discriminant of
the curve. Then, if all elliptic curves defined over Q are ordered by their discriminants,
what is the average size of the rank?

Conjecture 3.4.2 (Goldfeld, Katz-Sarnak) If we use the (naive) heigh, the average
size of the rank of all elliptic curves defined over Q is equal to 1/2.

However, previously this average has not even been known to be finite.

The first theoretical result towards the boundedness of average rank is due to Brumer
[7]. In 1992, he showed that the Generalized Riemann Hypothesis (GRH) and the Birch
and Swinnerton-Dyer Conjecture (BSD) -conjecture together imply that the average
rank is bounded. In fact, bounded by 2,3. In 2004, Heath-Brown (still assuming GRH +
BSD) improved this to average rank < 2, [30]. And in 2006, Young further improved this
(again assuming GRH + BSD) to < 25/14, [81]. But in 2010 Bhargava and Shankar [4]
proved the main theorem:

Theorem 3.4.3 (Bhargava, Shankar) The average rank of the Mordell-Weil group of
an elliptic curve over E/Q is bounded above by 7/6.

There exists also a function called L-function associated to an elliptic curve E and
related to the Riemann zeta function ((s), defined by

LEs)= ] Q—awp+p") "

p prime

This function is known as the Hasse-Weil L-function and defines a complex analytic
function on some right half plane R(z) > 3/2.

Wiles’ theorem [80] implies that L(F,s) can be analytically continued to an analytic
function on C. This implies that L(E, s) has a Taylor series expansion at s = 1:

L(E,s)=cy+c1(s — 1)+ ca(s — 1)2_|_... )
Define the analytic rank r, of E to be the order of vanishing of L(E,s) as s = 1, so
L(E,s)=c¢.(s— 1)+

Note that the definitions of the analytic and geometric ranks could not be more different
- one is completely analytic and the other is purely algebraic. Nevertheless, the Birch and
Swinnerton-Dyer Conjecture states the following:

Conjecture 3.4.4 (Birch and Swinnerton-Dyer, BSD) For any elliptic curve E
defined over QQ the analytic and geometric rank are equal, i.e.,

Tg = Tq-
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This problem is extremely difficult. The conjecture was made in the 1960s and
hundredsod people have thought about it for over 5 decades. The work of Wiles on
modularity in late 1999, combined with earlier work of Gross, Zagier and Kolyvagin and
many others proved the following partial result toward the conjecture:

Theorem 3.4.5 Let E be an elliptic curve over Q. Suppose ro, < 1. Then r, =r,.

Nowadays, the class of curves for which we know the conjecture is still the set of curves
over Q with r, < 1, along with a finite set of individual curves on which further computer
calculations have been performed (by Cremona, Watkins, Stein and others). For furhter
reading about the BSD Conjecture , see [75].

In addition to wanting an effective method for computing the rank of an elliptic curve,
it would be good to have a theoretical bound for the size of a generating set. Based on
an analogy with the problem of computing generators for the unit group in a number field
and partly on a number of deep conjectures in analytic number theory, Serge Lang [44]
suggested the following estimate:

Conjecture 3.4.6 (Lang) Let ¢ > 0 and let £/Q be an elliptic curve of rank . Then
there exits a basis Py, ..., P, for the free part of F(Q) satisfying

max h(P,) < C7'|Dpgjg| 7+

1<i<r

Here h is the canonical heigh on FE, Dg/qg is the minimal discriminant of £/Q and C is a
constant depending only on e.

Since h is a logaritmic height, the conjecture says that the z-coordinates of the
generators may grow exponentially with the discriminant of the curve. The following
example, due to Bremmer and Cassels [0], illustrates this exponential behaviour. They
showed that

y? =23 + 877x

has rank 1 and that the z-coordinate of the smallest generator P is

£(P) = 612776083187947368101 \ 2
—\ 78841535860683900210

We compute )
log h(P)
log |Dg/q

so this example is roughly in the range suggested by Lang’s Conjecture.

~ 0.158,



Chapter 4

The torsion subgroup over number
fields

Let K be a number field and let E/K be an elliptic curve. In this chapter we want to
study the torsion subgroup FE(K);,s, specifically when has low degree. Recall that this
subgroup is defined as

E(K)tm’s = U E<K)[m]7

where

E(K)[m] = {P € E(K) : [m]P = O}.

4.1 Torsion subgroup over QQ

The torsion subgroup of E/Q is relatively easy to calculate. We will see some methods for
doing it in the next chapter, but now we focus on giving some current interesting results
about its structure.

The following result classifies all the possible torsion subgroups of an elliptic curve E
defined over Q. The first conjecture of the theorem, due to Levi [46] around 1908, was
restated by Ogg [62] and finally Mazur [48, 49] proved it in 1978.

Theorem 4.1.1 (Mazur) Let E/Q be an elliptic curve. Then the torsion subgroup
E(Q)iors of E(Q) is isomorphic to one of the following fifteen groups

Z/nZ, with 1 <n <10 orn =12,

E ors ~
@k {Z/QZ B Z/2nZ, withl<n<4

Mazur’s proof is far beyond this text.

101
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It must be said that all the groups in the list above occurs for infinitely many dinstinct
J-invariants.

Table [4.1]| contains fifteen elliptic curves defined over Q with different torsion subgroups.
To find methods of computing these curves see [41], chap. V, sc. 5]

| B Qs | E |
{0} y’ =a° 42
727 v =1+
VARY/ v =12 +4
Z.]AZ y? =23 + 4z
Z/5Z v +y = — a?
Z/6Z v =3 +1
Z7]7Z y? — ay + 2y = 23 + 222
7./87 y? + Txy + 6y = 2° — 622
7.)9Z y? + 3xy + 6y = 23 + 622
7.J10Z y? — Tay — 36y = 2° — 1822
7/127 y? + 43zy — 210y = 2° — 2102
7/27 & 7/27 yvi=a—x
L)27 & LJAZ y? = 1° 4+ 52 + 4z
Z/2Z & Z/6Z y* + bry — 6y = 2° — 32?
L)L & LJRT | 7 =4 + 33727 + 207362

Table 4.1: Elliptic curves and torsion subgroups.

4.2 Torsion subgroup over number fields

Let E be an elliptic curve defined over a number field K with degree d, i.e., [K : Q] = d.
A natural question is whether a classification as in Mazur’s theorem can be found for
E(K)iors- In this section we make a first approach.

One important issue is to know how the structure of E(K )s looks like. If we consider
the elliptic curve E defined over C, then E is isomorphic to a torus (see [73], chap. VI, sc.
1) obtained as a quotient of C by a lattice. Then, C-rational points of F are

E(C)~T~ S*x S
Using the group homomorphism
(R, +) — (8%,);  zw ™™,

we obtain

(R/Z,+) ~ (S, ).
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From this result, we can deduce

E(C)iors ~Q/Z x Q/Z.

As Mordell-Weil theorem establishes that F(K) is a finitely generated abelian
group and E(K) C E(C), we have

E(K) ~Z/mZ x Z/ns7 x 7,

where ny,ny € Z such that ny,ny > 0 with ny|ne and r > 0. As we already know, r is
called the rank of F(K) and we will call the pair (ny,n2) the type of torsion of E(K).

Definition 4.2.1 (¢(d)) We denote by ¢(d) the isomorphism class of finite groups G such
that there exits a number field K of degree d and an elliptic curve F/K with

E(K)tors ~ G.
It is to say,
d(d) = {(n1,ns) : K with |K : Q| = d and 3E/K s.t. E(K)ors ~ Z/mZ & Z/no7}.
For example, Mazur’s therorem says that
¢(1) = {(1),(2),(3), (4), (5),(6),(7),(8),(9), (10), (12), (2,2), (2,4),(2,6), (2, 8)}.

Another important question is whether the list of possible torsion subgroups we look
for is finite. The following theorem, which was conjectured by Mazur, provides the answer.
In the rest of this section we are showing some results obtained by other mathematicians
until the proof of this theorem, due to Merel [50] in February 1996.

Theorem 4.2.2 (Uniform Boundedness Conjecture) For alld € Z,d > 1 there exists
a constant B(d) > 0 such that for all elliptic curves E defined over a number field K with

degree d, then
‘E<K)t07“8‘ < B(d)'

Another form of reading the latter theorem is "for all d € Z,d > 1, ¢(d) is finite.”

Definition 4.2.3 (Torsion primes and S(d)) A prime p is called a torsion prime for
degree d if there exists a number field K of degree d and an elliptic curve E/K such that
p‘#E(K>tors- Let

S(d) = {Torsion primes for degree d}.

For example, Mazur’s theorem tells us that
S(1) ={2,3,5,7}.

Thanks to some results due to Frey [24] and Faltings [22] it was proved that, assuming
the finiteness of S(d), the list of posibilities for the group E(K);ys for infinitely many
elliptic curves E/K defined over infinitely many number fields K of degree < d is finite.
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Theorem 4.2.4 [f S(d) is finite, then the set of groups E(K)irs as E runs through all
elliptic curves over all number fields K of degree < d is finite.

But this result leaves still doubts about the existence of other possible torsion subgroups
which could appear a finite number of times.

Years after, in 1988, Kamienny and Mazur [40] reached the following result, getting the
list of torsion primes for d = 2.

Theorem 4.2.5 (Kamienny, Mazur) S(2) = {2,3,5,7,11,13}.

And some years later, in 1995, also Kamienny and Mazur [37] proved the finiteness of
S(d) and ¢(d) for small d:

Theorem 4.2.6 (Kamienny, Mazur) We have the following results:

i) S(d) is finite <= ¢(d) is finite.

ii) S(d) is finite for d < 8.

Paragraph (7i) of the latter theorem is a consequence of a result due to Frey in 1992,
which is, in turn, a consequence of a theorem due to Faltings. It was proven by Kamienny

and Mazur using the Kamieny criteria.
Abromovich proved in [I] soon later, also in 1995, the following statement:

Theorem 4.2.7 (Abromovich) S(d) is finite for d < 14.

Corollary 4.2.8 There is a fized constant B such that if E/K is an elliptic curve defined
over a number field of degree d < 14, then

#E<K)tors S B
Finally, Merel [50] proved that S(d) is bounded for all d.
Theorem 4.2.9 (Merel’s bound) max S(d) < d&*® for d > 2.
This bound assures that S(d) is finite for all d > 2 but it is "useless” in practice for
d > 4 because the bound is too large. Fortunately, shorly thereafter Oesterlé [61] modified
Merel’s argument to get a much better upper bound:

Theorem 4.2.10 (Oesterlé’s bound) max S(d) < (3%/2 +1)% for d > 1.

To see how Oesterlé’s bound is better than Merel’s one, we can compute them both for
d=1,...,10:
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] d \ Oesterle’s bound \ Merel’s bound
1 7 - — —
2 16 4096
3 38 7625597484987
4 100 79228162514264337593543950336
5 275 26469779601696885595885078146238811314105987548828125
6 784 > 1034
7 2281 > 1012
8 6724 > 10173
9 19964 > 103!
10 59536 10309

Table 4.2:  Oesterlé and Merel’s bounds on S(d).

Unfortunately, as we can see, Oesterlé’s bound is not effective. However, in 1999, Parent
[63] gave a bound for the pF-torsion (k > 1, p prime) and thus obtained a global effective
bound for the torsion (later improved again by Oesterlé).

Theorem 4.2.11 (Parent) Let E be an elliptic curve defined over a number field K of
degree d. If E(K) has a point of order p*, with k > 1 and p prime, then

65(3¢ —1)(2d)®  ifp #2,3,
PP < L6554 —1)(2d)5  ifp =3,
129(3¢ — 1)(3d)®  if p = 2.

Merel remarked in a personal communication to Stain on May, 10th 2010, talks about
two important facts about bounds for #FE (K )ops:

i) The bounds for S(d) known to date are exponential in d. However a polynomial bound
on S(d) is expected. Therefore, one cannot expect to computationally determine the
exact list of torsion primes in degree d for many more d’s.

ii) If you want a bound depending on the field K, you can obtain a bound like

O(size of the residue field of K of smallest order).

If we wonder what do we know nowadays about S(d), we can sum it up as in the
following table:
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| d | S(d) \ Authors |
1 {2,3,5,7} Mazur, 1978 ([48], [49])
2 {2,3,5,7,11,13} Kamienny, Kenku and Momose, 1988 ([36], [40])
31 12,3,5,7,11,13) Parent, 2000-2003 ([64], [63])
4| {2,3,5,7,11,13,17} Derickx, Kamienny, Stein and Stoll ([16])
51{2,3,5,7,11,13,17,19} Derickx, Kamienny, Stein and Stoll ([16])

Table 4.3: Some known bounds on S(d).

Note that the article [16] is still in preparation. A large part for calculating S(4)
consist of using a computer to check for a lot of primes p whether the hypotheses of
[64] th. 1.10] are satisfied, showing that for these primes we have p ¢ S(d). Simply
running the same computer calculations for S(5) would take too long, this is why
Kamienny, Stein and Stoll did not do it for other d. Nevertheless, Derickx [15] have
made the algorithm computationally more efficient to check the hypotheses of [64, th.
1.10] so that these techniques can also be used for S(5), S(6) and S(7). Moreover, these
techniques can also be used to improve the results for S(5). In fact, it is now known that
S(5) ={2,3,5,7,9,11,13,17,19} since Stoll managed to show 29,31,41 ¢ S(5). A proof
of this will be also given in [16].

4.2.1 Torsion subgroup over a quadratic field

Let E be an elliptic curve defined over a number field K of degree 2. The complete list for
all possible torsion subgroups E(K)s is knowm too.
By theorem we know that

S(2) = {2,3,5,7,11,13}.
Some years before, in 1992 , Kamienny [36] proved the following result:

Theorem 4.2.12 (Kamienny) If a torsion point of an elliptic curve E defined over a
quadratic field K has prime order p, then p < 13.

This theorem, when combined with some previous work of Kenku and Momose [40]
(1988), gave a complete list of possible torsion structures over quadratic fields:

Theorem 4.2.13 (Kamienny, Kenku, Momose) Let K be a quadratic field and let
E/K be an elliptic curve. Then

Z/nZ, with 1 <n <16 orn = 18,
Z)2Z & Z/2nZ,  with1<n <6,

7)37 & 7/3nZ, withn = 1,2 and K = Q(v/-3),
7]A7 ® 7/AZ, if K =Q(>).

E(K)tors =~
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As occurs in Mazur’s theorem, all the groups in the list occurs for infinitely many
dinstinct j-invariants but note that not all of these groups occurs for a given quadratic
number field.

Najman [58] gave in 2010 a classification of the torsion subgroups of elliptic curves
defined over quadratic cyclotomic fields (as Q(i) or Q(v/—3)) and Najman and Kamienny
[38] have given recently, in 2012, a procedure how to make such classification. Also in
[58], Najman classify the possible torsion structures over quadratic fields for elliptic curves

defined over Q:

Theorem 4.2.14 (Najman) Let E/Q be an elliptic curve and let K/Q be a quadratic
extension.

i) Then

Z/nZ, with 1 <n <10 orn = 12,15, 16,
)22 ®Z)2nZ,  with 1 <n <6,

2)32®Z)3nZ, withn=1,2,

7./AZ & 7./AZ.

E(K)tors =

ii) Each of these groups, except for Z/15Z, appears as the torsion structure over a
quadratic field for infinitely many elliptic curves E defined over Q.

iii) The elliptic curves 5001 and 50a3 (Cremona labels [12, [153]) have 15-torsion over
Q(v/5), 5062 and 450b4 have 15-torsion over Q(v/—15). These are the only elliptic
curves defined over Q having nontrivial 15-torsion over any quadratic field.

4.2.2 Torsion subgroup over a cubic field

Let E be an elliptic curve defined over a number field K of degree 3. Classification for
E(K)ors is still unknown. Nevertheless we already have some information about it.

First of all, Oesterlé’s theorem (theorem tells us that max.S(3) < 38. But the
work of Parent [64, [65] between 2000 and 2003 let him show that

S(3) = {2,3,5,7,11,13}.
Later in 2004, Jeon, Kim and Schweizer [35] proved the following result:

Theorem 4.2.15 All the torsion structures that appear infinitely many times as one runs
through all elliptic curves over all cubic fiels are

E(K )y Z/nZ, with 1 <n <16 orn=18 orn =20
T\ Z22 B T 2T, with1 <n< T
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But if one runs through all elliptic curves over all cubic number fields, does there exist
torsion structures that appear only finitely many times? It can be shown that there exists
a curve defined over a cubic field with torsion Z/217Z, so the answer is ’yes’ and then the
list of theorem is not complete.

Nowadays we are near the complete classification of torsion structures for elliptic curves
E/Q defined over cubic fields. In [59], a nonpublished paper to date, Najman classify the
possible torsion structures over cubic fields for elliptic curves defined over Q:

Theorem 4.2.16 (Najman) Let E/Q be an elliptic curve and let K/Q be a cubic
extension. Then

7./nZ, with 1 <n <10 orn = 12,13, 14, 18, 21,

E(K ors =
(£). {Z/2Z@Z/2nz, withn =1,2,3,4,7.

Each of these groups, except for Z/217Z, appears as the torsion structure over a cubic
field for infinitely many elliptic curves E defined over Q.

Moreover, in [59] it is proven that the elliptic curve 162b1 (Cremona label, [12] 13])
defined over Q((g)™ is the unique elliptic curve F/Q with torsion isomorphic to Z/217Z
over a cubic field.

4.2.3 Torsion subgroup over a quartic field

Let E be an elliptic curve defined over a number field K of degree 4. Once again, Oesterlé’s

theorem (theorem [4.2.10)) tells us that max S(4) < 97.
Recently, in 2011, Kamienny, Stein and Stoll [16] have shown that

S(4) ={2,3,5,7,11,13,17}.

Jeon, Kim and Park [34] showed in 2006 that groups that happen for infinitely many
j-invariants for an elliptic curve E defined over a quartic field K are

(7./nZ, with 1 < n < 18 or n = 20,21, 22, 24,
Z]2Z & Z)2nZ, with1<n <9,

Z)3Z S Z)3nZ, with1<n <3,

ZJAZ & Z)AnZ, with 1 <n <2,

Z/5Z & Z/5Z,

| Z./67 & 7.)6Z.

E(K)tors =~




Chapter 5

Computing the torsion subgroup over

Q

In this last chapter we will see four methods to calculate the torsion subgroup of an elliptic
curve E defined over Q, i.e., the group E(Q);prs. As we know by Mazur’s theorem m
there is a finite number of posibilities for this group:

Z/nZ, with 1 <n <10 or n = 12,

E ors ~
@k {Z/QZ ©7Z/2nZ, with1<n <4,

First of all, in section we establish a first approach in order to find the structure of
the torsion subgroup: a bound for the size of E(Q)ors-

In section , based on [73, sc. VIILT7|, we use the Lutz-Nagell theorem which
establishes some important properties that torsion points have. Lutz-Nagell algorithm
provides the torsion subgroup E(Q):s but it is computationally expensive. A
similar algorithm to Lutz-Nagell’s one is the division polynomial algorithm [5.3.4] shown in
section [.3} It consists on the use of a tool called division polynomials (see [8] and [77])
which let us find points with prescribed torsion if exist.

In section [5.4] we show a way of writing elliptic curves defined over Q using the so-called
Tate’s normal form and Tate’s parametrizations which depend on the order of
the points that we are looking for. This way, we will be able to determine torsion points
and the torsion subgroup. The study is based on a paper written by 1. Garcia, M. Olalla
and J.M. Tornero [26].

Finally, in section [5.5] we introduce some theory about lattices and double periodic
functions defined on C (particularly about the Weierstrass p-function) wich will let us
study elliptic curves defined over C. There is a very close relation between lattices and
elliptic curves defined over C; and this relation let us study torsion points on elliptic
curves defined over Q from an analytic point of wiew. The method used to perform the
determination of the torsion subgroup is called Dude’s algorithm [5.5.27 The information
about the algorithm exposed in this section is based on a paper plublished by Dude [18].

109
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5.1 Bounding the torsion subgroup order

The first step in any algorithm we use should be choosing a reasonable bound for the size
of E(Q)iwrs- To manage this, we use a particular case of proposition [3.1.20] Let us recall
this result:

Let E/K be an elliptic curve and m > 1 an integer relatively prime to char(k), where
k is the residue field k = R/M, where R is the ring of integers of K and M a mazximal
ideal of R.

i) The subgroup F1(K) has non-trivial points of order m.

it) If the reduced curve E/K 1s non-singular, then the reduction map
E(K)[m] — E(k)
18 injective.

Taking K = Q, which implies R = 7Z; and taking p > 2 a prime number, we consider
M = (p), which implies k = IF,. The latter result tells us that if m does not divide p, then
if the reduced curve E/Q is non-singular, i.e., p does not divide A, the reduction map

mp : B(Q)[m] — E(F,)

is injective.

So, given an elliptic curve E/Q if we choose some prime p not dividing A and computing
how many points lie in F(F,), we must obtain a multiple of the order of E(Q)ys, since 7,
is an injective homomorphism of finite groups for every m. The practical choice in Tate’s
algorithm is taking five primes, as small as possible, which we call good primes from
now on; computing the number of points in F (F,) in each case; and finding the greatest
common divisor of all those quantities. In most cases, this bound is find to be the actual
order of E(Q)sors-

Example 5.1.1 Let F/Q be the elliptic curve
E:y?=2%+3.

The discriminant of E is A = —2%.35 so E is nonsingular modulo p for every prime p > 5.
One can easily check that

E(FS) = {Ov (37 0)7 (17 2>7 (17 3)7 (27 1)’ (2’4)}7
E(F7) ={0,(1,2),(1,5),(2,2),(2,5),(3,3),(3,4),(4,2),(4,5), (5,3), (5,4), (6,3), (6,4)},

hence #E(F5) = 6 and #E(F7) = 13. If we call d = ged(6,13) = 1, then #E,,.s(Q)|1, i.e.,
E(Q) has no nontrivial torsion, E(Q)srs = {O}.
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Example 5.1.2 Let F/Q be the elliptic curve
E:y*=2%+2.

The discriminant of E is A = —64 = —2°%. First, we calculate the 2-torsion points of the
curve E. Suppose that P = (xg, ) is a torsion point of order 2. Then P = —P. Using
the group law algorithm, proposition 2.2.3] —P = (x¢, —yo — @129 — a3). In our particular
case, we have a1 = az = 0, and then

P=-P = y=—-y = yo=0.

Using the equation of E we get o = 0. So, (0,0) € F(Q) is the only one point of order 2.
We compute now

E(FB) = {07 (07 O)’ (2? 1)? (27 2)}a
E(FS) = {Ov (07 0)7 (27 O)? (37 0)}7
E(F7) = {0,(0,0),(1,3), (1,4), (3,3), (3,4), (5,2), (5,5)}.

We see that #FE(F3) = 4, #E(F5) = 4 and #E(F;) = 8, so d = gdc(4,4,8) = 4. We only
can assure that #E(Q)rs|4, so we have three posibilities for the order of the group: 1, 2
or 4. However, we gain additional information by looking at the group structure modulo 3
and 5:

E(F3) ~ 7Z/AZ, E(Fs) ~ 7Z/27. & 7./ 27.

Since E(Q)ors injects into E (F3), it must be a cyclic group, because a subgroup of a
cyclic group is also cyclic. Moreover, E(Q),rs injects into E (F5), so E(Q)¢ors can have at
most order 2, since F (F5) has no cyclic subgroups of order grater than 2. Then, we see
that (0,0) is the only nonzero torsion point in E(Q), so

E(Q)iors = {0, (0,0)} ~ Z/27.

The latter example tells us that we should be a bit more accurate by choosing the
bound. So we compute not only the order of E (F,), but also how many elements of order
2 it has. This way, if F(F,) presents more points of order 2 than E(Q) itself, our choosing
for the bound can be smaller than the order of E(F,). In the latter example above, the
bound would be 2, which actually is the order of E(Q)ops-

So if #E(F,) = M, the number of points of order 2 in E(Q) is s and the number of
points of order 2 in E (F,) is t, the choosing of the bound goes like this:

i) If s =t, we choose M.
i) If (s,t) € {(0,1),(1,3)}, we choose M/2.

iii) If (s,t) = (0,3), we choose M /4.
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5.2 Lutz-Nagell Algorithm

We start now a study about torsion points of E(Q). The idea is trying to establish a
criteria about some conditions which torsion points must have.

Recall from example that if we have x € Q and p € N a prime number, we can
write x = p"(a/b) with (a,b) = 1. Then we defined the p-adic valuation as

Up(x) =n,

with v,(0) = +o0.
Let E be an elliptic curve over Q. It is known from section that if £ is given in
the Weierstrass form

y3 + a1y + asy = 3+ a2x2 + a4 + ag,

we can choose the a; in Z. Further, we recall from equation (2.2)) in section that, as
char(Q) = 0, this equation can be reduced to a simpler equation of the form

y* = 2° + Az + B, (5.1)
with A, B € Z by definition of A and B.

Proposition 5.2.1 Let E/Q be an elliptic curve given by y* = 3+ Ax+ B with A, B € Z,
and let (z,y) € E(Q). Let p € N be a prime number. Then

() <0 <= 1,(y) <O0.
In this case there exists an integer r > 1 such that
vp(z) = —=2r and wv,(y) = —3r.

PROOF. It is easy to see that p divides the denominator of x if, and only if, p divides
the denominator of y.

(=) Assume z = %, with pta, and y = g As (z,y) € E(Q),
p

' Ae+ B o C— 4% p
Yy =a" + Ax + = ﬁ_p:”_b?’—i_ 'p—b+

= p*b3c? = d*(a® + Ap*ab® + Bp®b®).

Suppose that p{d. Then p|(a® + Ap*ab* + Bp®b®) but this happens if p|a® and this is not
possible since p t a by assumption. So, p|d.

(<) Assume now that x = % and y = i, with p 1 c. Thus,

pd
=43+ Ax+ B = C—Q—a—3+A-9+B
v = 2E B b

= b’c® = p*d*(a® + Aab® + Bb*).
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If p1b, we would have that p|c, but this is not possible by assumption again.

Let us now prove the second statement. Assume that v,(y) = —j, i.e, p/ with j > 0
is the exact power of p dividing the denominator of y, then p? is the exact power of p
dividing the denominator of 2.

Similarly, assuming that v,(z) = —k, if p* with k£ > 0 is the exact power of p dividing
the denominator of z, then the denominator of 2° 4+ Ax + B is exactly divisible by p**. As
v, (y?) = vy(z® + Az + B), we have 3k = 2j. It follows that there exists r € Z with j = 3r
and k = 2r.

O
If we call
T 1
t=—, s=—,
Yy Yy
dividing equation [5.1| by ? yields
1 3 1\? 1\?*
- () o)
Yy Yy Yy Yy Yy
which can be written as
s =1+ Ats* + Bs®. (5.2)

Moreover, if we have P € E(Q), we can choose (projective) coordinates for P, say x, y and
z, with z,y, z € Z such that ged(z,y,2) = 1.

With all this, we assume that every coefficient of the equations for E and every
coordinate for a point P € E are integer numbers.

Definition 5.2.2 (E,) Let £/Q be an elliptic curve given by y*> = 23+ Az + B. Let r > 1
be an integer and let v, be the p-adic valuation for some prime p. We define the set

E, :={(z,y) € E(Q) : v,(x) < —=2r and v,(y) < —3r} U{O}.

In other words, the set defined before is the set of points on E such that x has at least
p?" in its denominator and y has at least p® in its one. These should be thought as the
points that are close to O modulo powers of p, i.e., p-adically close to O.

We need to prove some results and set some notation to be used in the proof of the
following proposition below.

Notation. If z € Q is a rational number and p € N is a prime such that p’ divides the
numerator of z for some j, we write

Plz or  z=0mod(p').
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Lemma 5.2.3 Let E/Q be an elliptic curve given by the equation
s =1+ Ats® + Bs®,
as in equation (5.2). Then
(z,y) € B, <= p¥ls.
Further if p>|s, then p"|t.
PROOF. (=) Let (z,y) € E,. As v,(y) < —3r, p* divides the denominator of y, so
p>" divides the numerator of s = 1/y.

(«) Suppose that p*|s. Then p* divides the denominator of y. Proposition [5.2.1]
shows that p* divides the denominator of x. Therefore (z,y) € E,.

Suppose now that p3"|s. Then the exact power of p dividing the denominator of y is
p3*. with & > r. Proposition implies that the exact power of p dividing t = x/y is p*.
Since k > r, we have p"|t.

g

Lemma 5.2.4 Let E/Q be an elliptic curve given by s = t3+ As*t+ Bs®, and let p € N be
a prime number. A line L :t = ¢, where ¢ € Q is a constant with ¢ =0 mod(p), intersects
the curve E in at most one point (s,t) with s =0 mod(p). The line is not tangent at such
point of intersection.

PROOF. Suppose we have two values of s, call them s; and s, with
s1 = s2 = 0 mod(p). (5.3)

We are about to show that s; — s, =0 mod(pk) for all £ > 1 by induction. The base case
k =1 is our assumption.

Suppose now that s; = s, mod(p*) for some k > 1. As we supposed in equality ,
we can write s; = ps| and sy = ps;, and then

s1— s =0mod(p") = p(s) —s5) =0 mod(p’) = s = s, mod(p").

SO
s) = s mod(pk_l)

2 (s5)* =0 mod(p")

D = (s5)%) = 0 mod(p**)
s1)* = p*(s3)* mod(p**)
= 52 mod(pF*).
Similary we can see that s3 = s3 mod(p**2). Therefore,

s1= ¢+ Acsi + Bs{ = & + Acs; + Bsj = s mod(p*).
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Then, we have s; = s, mod(p*) for all k € Z*. It follows that s; = s9, so there is at most
one point of intersection between the line L : ¢t = ¢ and F with s = 0 mod(p).

The slope of the tangent line to the curve can be found by implicit differentiation

dt dt
1= 3t2d— + 2Ast + Asd— +3Bs?,
s s

S0,
dt 1—2Ast—3Bs”
ds 3t2 + As?
If the line L : ¢t = c is tangent to the curve at (s,t), then 1 — 2Ast — 3Bs* = 0. But
s =t =0 mod(p) implies that

1 —2Ast —3Bs* =1 # 0 mod(p).
Therefore, L : t = ¢ is not tangent to the curve.
O

Proposition 5.2.5 Let E/Q be an elliptic curve given by y* = 23+ Ax+ B. Let p,r € ZT
be two integers with p prime. We consider

E, ={(z,y) € E(Q): vy(x) < —=2r and v,(y) < —3r} U{O}.
Then
i) E, is a subgroup of E(Q).

ii) The map
Uyt By Esy — Do

(z,y) p"’g mod(p*")
O—0

15 an injective homomorphism.

iii) If (x,y) € E, but (v,y) ¢ Eyp1, then ¢, (x,y) # 0 mod(p).

Remark 5.2.6. The map 1), should be regarded as a logarithm for the group E,./FEs, since
it changes the law composition in the group to addition in Z,, just as the classical
logarithm changes the composition law in the multiplicative group of possitive real numbers
to addition in R.
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PROOF.

(i)

(i) and (ii)

To prove this, we have to show first that 1, is well-defined. If we have (x,y) € E,,
Proposition tells us that there exists m € Z, m > r such that v,(x) = —2m and
vp(y) = —3m or, in other words, v(x/y) = m. So we can assure that v,(p~"x/y) = 0.

Note now that by definition we have that F,,; C E,. In fact
E./E, 1 ={(z,y) € E, : vy(zr) =—2r and v,(y) = —3r}
={(z,y) € E(Q) : vy(x/y) =71}

Let (z,y) € E,/E,11. Then v, (prg) =0, so ¥,(x,y) is not a multiple of p, neither
Yy

a multiple of p*.

If ¢, (z,y) = 0 mod(p*"), then v,(z/y) > 5r, so (z,y) € Es.. This proves that 1), is
injective as soon as we prove that it is a homomorphism.

As E is given in a short Weierstrass form, if P = (z,y) € E, then its opposite is
given by —P = (z, —y), so

U (—P) = ¢, (x,—y) = —p "z /y mod(p*") = —,(P).
We now claim that if P, + P, + P3 = O then
Ur(Py) + 9, (Py) 4+ ¥, (Ps) = 0 mod(p*").

Therefore

Ur(Pr+ P2) = (= F3) = = (P3) = U (P1) + ¢ (Pa).
The proof of this claim also shows that if P;, P, € E, then P; € E,, hence E, is a
group.
We know that three points add to O if and only if thay are collinear. To prove the
claim, let Py, P, and Pj lie on the line

ar +by+c=0

and assume that P, P, € E,.

Let us show that we can use the variables s,t instead of x,y. Let P/ = (s;,t;) be
the points P; = (z;,y;) written in terms of the s, coordinates, where s; = 1/y; and
t = x;/y;. The points P/, for i = 1,2, 3, lies on the line

at+b+cs =0.

Since P, P, € E,, lemma [5.2.3| implies that

p¥|si, p'lt; fori=1,2.
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As we know, the order of intersection of the line axz + by + ¢ = 0 and the curve
y* = 23+ Ax+ B can be calculated by using projective coordinates x = X/Z,y = Y/Z.

If we start with the line at + b + c¢s = 0 and the curve s = t3 + Ats? + Bs? we can
homogenize using t = T/U,s = S/U. Ilf welet Z =S,Y =U and X =T, we find
that we are working with the same line and curve as above, where the point (x,y)
corresponds to

t=T/U=X/Y =x/y and s=S/U=2]Y =1/y.

Since orders of intersection can be calculated using projective models, it follows that
the order of intersection of the line and the curve in z,y coordinates is the same as
the order of intersection in s,t coordinates. Particularly, the line and the curve are
tangent in x,y coordinates if and only if it is tangent in s, ¢ coordinates. This allows
us to do the elliptic curve group calculations using the latter coordinates.

If ¢ =0, our line is of the form

at+b=0 >t=—"—4,
a

so the line is of the form in the lemma[5.2.4] which tells us that this line intersects the
curve in at most one point. But it passes through the points P| and Pj, so P} = P}
and the line is tangent to the curve. Changing back to z,y coordinates, we obtain
P, = P,. The definition of the group law says that since points P, and P, are equal,
the line ax + by + ¢ = 0 is tangent at (x,y). As pointed out above, this means that
at+b+ cs = 0 is tangent to the curve, but the Lemma [5.2.4] assures that this cannot
happen, so ¢ # 0.

Dividing the equation at + b+ cs = 0 by c, we obtain
s=at+ [

for some «, 5 € Q. Then P/ lies on the line s = at 4  for i = 1,2, 3.

We claim that
t5 + tita + 17 + As3

- 1— A(Sl + Sl)tl — B(Sg + 5182 + S%)
This claim is easy to prove:
If t; # ty, then o = (ty — t1)/(s2 — s1). Since s; = t? + As?t; + Bs?, we have

«

(59— 81)(1 — A(sy + s1)t1 — B(s3 + 5152 + 53))
= (52 — 1) — A(s3 — sT)t1 + B(s3 — s7)
= (89 — Asity — Bs3) — (s — As*t; — Bs}) + Asy(ty — t1)
=t — 13+ Asy(ty — t1)
= (t1 — t2)(t3 + t1ty + 5 + As)).
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Now suppose that t; = t3. As a line ¢ = ¢ with ¢ = 0 mod(p) intersects the curve
s = 13+ As*t + Bs® only in one point with s = 0 mod(p), by lemma [5.2.4] the
points (t1,s1) and (tg, s2) must be equal. The line s = at +  is therefore the
tangent line at this point, and the slope can be calculated by implicit differentiation
of s = t3 + As?’t + Bs3.

dt dt
1 =3t>— 4+ 2Ast + As— + 3Bs?,
ds ds

Solving for dt/ds yields the expression ([5.4)) when ¢; =ty =t and s; = s5 = s.

As (x;,y;) € E,, by lemma [5.2.3, p*|s; and p"|t;, so 51 = s3 = 0 mod(p), and then
the denominator of « is

1 — A(sy + s1)t1 — B(s3 + 8189 + s5) = 1 mod(p);

and
2+ tity + 12 + As2 = 0 mod(p*").

Therefore a = 0 mod(p*’). Since p*"|s;, we have

B =s; —at; = 0 mod(p®").

The point Pj is the third point of intersection of the line s = at + § with
s = t3 + As*t + Bs3. Therefore, we need to solve for t:

at + B =1>+ A(at + 8)* + B(at + ).

This can be arranged to obtain

240 +3Bo’8 , |

0=t
+ 1+ Ba3 + Aa?

But the sum of the three roots is the negative of the coefficient of #2, so

2Aaf + 3Ba?3
1+ Ba? + Aa?

tl + tg + tg = =0 mod(pw).

The last congruence holds because p?"|a and p*"|3. Since t; = t, = 0 mod(p"), we

have that t3 = 0 mod(p?"). Therefore, s3 = at3 + 8 = 0 mod(p*"). By lemma m
P; € E,, which shows that E, is a subgroup of E(Q) and proves (i).

Moreover,

Ur(Pr) + U (Po) + ¢, (P3) = p~"(t1 + ta + t3) = 0 mod(p™),

so 1, is a homomorphism and this proves (ii).
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Corollary 5.2.7 Let E/Q be an elliptic curve given by y* = 3+ Ax + B. Let p,r € Z*
be two integers with p prime and let m € Z*, m > 1 and m is not a power of p. Then E,
contains no points of exact order m.

PROOF. Suppose P € E; has order m. Since m is not a power of p, we can multiply P
by the largest power of p dividing m to obtain a point, not equal to O, of order prime to
p. Therefore, we may assume that P has order m with ptm. Let r be the largest integer
such that P € E,. Then

m,(P) = ¥,(mP) = ¢,(O) = 0 mod(p"").

Since p ¥ m, we have v,.(P) = 0 mod(p'"), so P € Es,. Since 5r > r, this contadicts the
choice of 7.

U

The following theorem was proved independently by Lutz [47] and Nagell [57] in the
1930s. Quite often it allows a quick determination of the torsion points on an elliptic curve
over Q.

Theorem 5.2.8 (Lutz-Nagell) Let E an elliptic curve given by y* = 2° + Az + B with
A, BeZ. Let P=(x,y) € E(Q). Suppose P has finite order. Then

i) z,y € Z.
i) YA, where A = 4A% + 27B2.
PROOF.

i) Suppose z or y is not in Z. Then there is some prime dividing the denominator of
one of them. By proposition [5.2.1, P € E, C E; for some r > 1. Let ¢ be a prime
dividing the order m of P. Then @ = (m/q)P € E, C F; has order q. But by
corollary [5.2.7, E; has no points of exact order ¢ if ¢ is not a power of p. As ¢ is
prime, therefore ¢ = p, i.e, Q) is a point of order the prime p.

Choose k such that Q € Ej; but @ ¢ Eyy;. Then, by proposition [5.2.5iii,
¥r(Q) # 0 mod(p), and

pUr(Q) = ¥r(pQ) = ¥i(O) = 0 mod(p™).

Therefore,
Yr(Q) = 0 mod(p* ),

which contradicts th fact that ¢,(Q) # 0 mod(p).



120 CHAPTER 5. COMPUTING THE TORSION SUBGROUP OVER Q

ii) Assume that y # 0. Then 2P = (x9,y,) # O. Since 2P has finite order, z3,ys € Z.
By the group law,

x* — 2A2% — 8Bz + A?
Ty = )
Since x9 € Z, this implies that

v?|(z* — 2A2* — 8Bx + A?).
A straightforward calculation shows that
(322 +4A)(z* — 2A2* —8Bx + A?) — (32° — 5Ax — 27B)(2* + Az + B) = 4A3 +27B%.
Since y? = 2® + Az + B, we see that y? divides both terms on the left, so

y?|(4A3 + 27B?).
O

Corollary 5.2.9 Let E/Q be en elliptic curve. Then the torsion subgroup of E(Q) is
finite.

Lutz-Nagell Algorithm

Algorithm 5.2.10 (Lutz-Nagell algorithm) Let E be an elliptic curve defined over Q
with equation y*> = 2° + Ax + B, for any A, B € Z. Using theorem we can write an
algorithm to find torsion subgroup.

[Step 1] (Fory=0)
Solve 23 + Az + B = 0 to obtain x1, s, T3.
Fori=1 to 3:

If z; € Z then (z;,0) is a possible torsion point.

[Step 2] A = 44% + 27B2.
Factorize(A).

[Step 3] (Fory #0)
Obtain the possibilities for y € Z such that y?|A.
For each possibility, y;, find the solutions for y? = x*+ Ax+ B, let them be x;1, Tin, ;3.
For each 1,

Forj =1 to 3:

If x;; € Z then (x5, ;) is a possible torsion point.
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[Step 4] T =0 (Inicialize the set of torsion points).

For every possible torsion point P,

If P = O then:
T« P.
m=1;

(zq,yq) = Q =mP;
While xq,yq € Z:
m = m+1,
(zq,yq) = Q =mP
If Q = O then:
T« P.

[Step 5] Now we use Mazur’s Theorem (theorem to find the group structure.

n=#T.
Ifn=1,2,3,5,6,7,9,10 then E(Q)iors = Z/nZ.
If n =16, then E(Q)tors = Z/2Z & Z/8L.
Else
If any element has order n,
E(Q)ors = Z/nZ;
Else,
E(Q)tors = ZJ2Z & Z/2nZ.

Why does the step 4 of the algorithm give us a finite loop?
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The Lutz-Nagell theorem gives a finite list of possibilities for torsion points. If P is a
torsion point then, for every n, the point nP must either be O or be on that list. Since
there are only finitely many points on the list, either we will have nP = mP for some
m # n, in which case P is torsion and (m — n)P = O; or some nP is not on the list and

P is not torsion.

Another critial point in the algorithm is step 2. If A is too large, it is difficult to
fatorize. So to have a good algorithm to find torsion points we need a good algorithm to

factorize numbers as well.
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Some examples

Example 5.2.11 Let E be an elliptic curve given by 4> = 23 +4. Then A = 432. Let
P = (x,y) be a point of finite order in E(Q). Since 0 = 2 + 4 has no rational solutions,
we have y # 0. Therefore, y?|432 = 2% - 33, i.e., y|12. The posibilities are

y = +1,42 43, +4, +6, £12.

We have to check which values of y give an integer value for x. Doing this, we have that
only y = +2 fits this. So the possible torsion points are (0,2) and (0, —2). If we do the
calculations, we have 3(0,4+2) = O, so

E(Q)iors = {0,(0,2), (0, -2)} ~ Z/3Z.

Example 5.2.12 Let E be given by y? = 23+ 8. If y = 0, then # = —2 gives us a possible
torsion point (—2,0).

Now, A = 4A3 +27B% = 1728 = 26 . 33.

If y # 0, then %1728, wich means that y|24, i.e.,

y=4+1,4+2 +3 +4, 46,48, +12, +24.

Trying the posibilities, we find that (1,43) and (2, £4) are four possible torsion points.
We can see that
2(—2,0) = O,

so (—2,0) is torsion. More over
2(1,3) = (~7/4,—13/8) and 2(2,4) = (—7/4,13/8).

Since these points do not have integer coordinates, they cannot have finite order. It follows
that
Eiors = {0, (-2,0)} ~ Z/27.

5.3 Division polynomials algorithm

Division polynomials are a tool for searching torsion points on elliptic curves. As we are
only interested in the case in which the elliptic curve F is defined over Q, we define here
division polynomials within this restriction, but they can be defined for a general field K,
see ([5], chap. III, sc. 4).

Definition 5.3.1 (Division polynomials) Let E be an elliptic curve defined over Q
given in the Weierstrass short normal form

E:y* =23+ Ax+ B, with A, B€Z.
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We define the division polynomials V,, recursively as follows:

v, =1,
v, = 2y,
U, = 3z + 6422 + 12Bx — A2,
Wy = 2Wy(2% 4+ 5Ax* + 20Ba® — 54%2° — 4ABx — A® — 8B?),
o1 = WppoWy — Up 03 k> 2;

Wo = Wp(Urpa Wi — Uy 207 ,,)/ W, k>3

It is easy to see that Wy, are polynomials indeed, proving recursively that the numerator
in the expression for Wy, is divisible by W,.
We also define polynomials ¢,, and w,, for m > 2 as follows:
¢m = $\I/3n - \Ijm—l\Ijm—i-la
Wi = (Vg2 03y — \Ijm—2\1[$n+1)/2\1[2'

The most useful properties of division polynomials are summarized in the following
theorem

Theorem 5.3.2 Let m € Zt. Then

i) Polynomials V,,, ¢, and y~‘wy, if m is odd; and (2y)~*V,,, ¢, and w,, if m is even,
are polynomials in Z[z,y?|. Substituting y* = x> + Az + B, we may consider them
as polynomials in Z|x].

ii) Considering V,,, o, € Zlx], we have

Om () 2™ + lower degree terms,

W2 (2) = m2e™ " + lower degree terms.

iii) If P € E(Q), then

ne= (G )

We omit here the proof of this theorem, but we give the ideas for doing it. Assertions (7)
and (i7) are easy to prove by induction, but involve rather long calculations. It is possible
to prove assertion (ii7) in an elementary way; however, it envolves extensive computer
calculations. Other proofs, using more advanced methods, can be found in [21] and [44].

It turns out that the characterization of m-torsion points can be achieved if we define
polynomials f,, as follows. Let m € Z*, m > 2, the polynomials f,, are defined as:

v, if m is odd;
fm = {

U,./Ws, if m is even.
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Note that, like polynomials ¢,, and w,,, we also have f,, € Z[z]. Moreover, by
contruction,

m2-1)/2

ma! + lower degree terms, if m is odd;

fm:

2 pm2—a)/2

m

+ lower degree terms, if m is even.

The following statement gives a way of looking for m-torsion points:

Theorem 5.3.3 Let E be an elliptic curve defined over Q, let m € Z" and let P € E(Q)
such that P is not a 2-torsion point. Then

Pe E@)m] < fu(z(P))=0.

We could derive a ”brute force” method for serching torsion points of order m, since
we know that all possible torsion subgroups of E(Q) from Mazur’s theorem [4.1.1}

Algorithm 5.3.4 (Division polynomials algorithm) Let
E:y*=a2+Ax+B, withA BeZ

be an elliptic curve defined over Q given in Weierstrass short normal form. In order to
find its torsion subgroup we proceed as follows:

[Step 1] (Inicialize the set of torsion points) T = ().

[Step 2] (Look for possible 2-torsion points)

Solve 23 + Az + B = 0 to obtain x1, 22, T3.
Fori=1 to 3:

P = (Z’Z’, 0),
If2P = O then T « P;
[Step 2] Form =3,...,10,12:
Look for integer solutions of f.,(z) = 0.

For every integer solution x:
If Vi + Az + B € Z:
P = (v,4/22 + Az + B);
Q= (v,—/2? + Az + B);

T<— P? Q;
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[Step 4] (Use Mazur’s Theorem to find the group structure).
n=%#T.
Ifn=1,2,35,679,10 then E(Q)urs = Z/nZ.
If n =16, then E(Q)wors = Z/2Z & Z/8L.
Else
If any element has order n,
E(Q)ors = Z/nZ;
Else,
E(Q)tors = Z)27 & 7./ 2nL.
One advantage of using this algorithm is that we do not need to factorize A, as in

Lutz-Nagell algorithm [5.2.10, But instead, we have to compute f,, for m = 3,...,10,12
and calculate its integer roots.

5.4 Tate’s Algorithm

In this section, we address the problem of searching torsion points of an elliptic curve by
using another classical important result (apparently due to Tate): all elliptic curves with
a torsion point of order n (with 4 < mn < 10 or 12) lie in a one-parameter family. We base
our study in [26].

5.4.1 Tate’s normal form

In this subsection we find the one-parameter families in which an elliptic curve with a
torsion point of order n (with 4 < n < 10 or 12) can be writen. The theory developed here
is based in [32].

Proposition 5.4.1 Let E be an elliptic curve defined over Q with a torsion point P of
ordern =4,...,10,12. Then E can be written in the following form:

E:y? + aizy + asy = 2° + asx?,
for some ay,as,a3 € Q.
PROOF. Let E be an elliptic curve given in a Weierstrass normal form
E y2 + a1y + azy = 3+ aga:2 + a4 + ag,

and let P = (xo, o) be a torsion point of order n. We can assume that O = (0,0) taking
the linear change of variables

z =1 + o, y =1y + o,
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which gives us the equation
2 _ .3 2
Y+ oy + asy = x° 4+ asxr” + oy,

where
a1 = aq,

Q9 = ag + 31‘0,
Qi3 — as + 2y0 + a1xg,
g = ay + 20010 + 3:5(2) — a1Yo-

In other words, O € E' if, and only if, ag = 0. We assume then that the curve has the form
Eo:y? + ajzy + asy = x° + axx® + ayx.
If we compute ' by using implicit derivation yields
(2y 4+ arz + az)y’ = 32% + 2a22 + ay — ary.

We see that the slope of the tangent line at O is — on Fj.

Note that, for the curve Fy in normal form Wlth O on it, we have:
i) The point O is singular if, and only if, a3 = a4 = 0, by definition |1.2.10}

ii) The point O is nonsigular and has order 2 in the group Ej if, and only if, a3 = 0 and
as # 0, which is the case of vertical tangent at O.

The family of these curves reduces to
Ey : y2 + a1y = 22+ asx® + aqx.
Now we assume that O is a nonsingular point which is not of order 2, i.e.;, a3 # 0. By
a change of variables of the form

7]

/ /

r =, y=y + -,
as

the equation for Fy becomes
B y* + aqay + asy = 2° + apa?,

where )
2a4 aj ay
= —, Oégzag——z—al—, 3 = as.
as as as

Renaming a; = a; for i = 1,2, 3, we have again

E' y? + arvy + asy = 2% + aga’
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And calculating 1/,
(2y + arx + az)y’ = 32% + 2a92 — ary.

we see that the tangent line at O has slope equal to 0, i.e., it is horizontal.

Note now that the point O on E’ has order 3 if, and only if, as = 0 and a3 # 0 since
this is the condition for the curve E’ to have a third-order intersection with the tangent
line y =0 at O.

The family reduces, in this case, to

E' oy + ayzy + asy = .
To sum up, if we assume that O is not a torsion point of order 2 or 3, we can write
E:y* 4+ ayzy + azy = 1° + aza’.
O

Theorem 5.4.2 (Tate’s Normal Form) Let E be an elliptic curve defined over a field
K with O = (0,0) a torsion point of order n > 3. Then there exist parameters b,c € K
such that

E=E(b,c):y*+ (1 —c)ay — by = 2° — ba?

This equation is known as the Tate’s normal form of E.
PROOF. First, we consider the equation for E given by
E:y? + a1y + asy = 2° + axx’, (5.5)

where as, a3 # 0 since O is a a torsion point of order n > 3, by proposition |5.4.1]
Now, if we consider the following (birrational) change of variables

2 3
a a
T — (—3) x, Y (—3) Y.
asz az
and rewrite the equation for F, we obtain

a10a2

2 ag’ 3, 2 o
E:y + xy—l—?y:x + S
3

Using the abbreviating notation

a1a2
l—c= , —b=—

we end up with the Tate’s normal form of F,

E=FEbc):y*+ (1 —c)ry — by = 2> — ba”.
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Further calculation, using the relations in definition [2.1] yields the following formula
for the discriminant A = A(b, ¢) of E(b, c)

A(b,e) = (1 —)'b* — (1 —¢)*b* — 8(1 — ¢)*b* + 36(1 — ¢)b* — 27b* + 160°.

Note that as E is an elliptic curve, b # 0, since otherwise A = 0.

The previous theorem tells us that all the curves E with a torsion point of order n > 3
belong to a family of curves in two parameters: b and c. In other words, the Tate’s normal
form gives a description, in terms of equations for the set of pairs (£, P), consisting on an
elliptic curve F together with a point P on E such that P, 2P and 3P are all unequal to
O. These pairs correspond to pairs (b, c¢) such that b # 0 and A(b,c¢) # 0. The curve in
the family corresponding to (b, c) is E(b, ¢) and the point is P = (0,0).

If we require that nP = O for any n > 3, we will get restrictions that, in practise, can
be translate to a polynomial equation depending on b and ¢ of the form f,(b,c) = 0.

Proposition 5.4.3 (Multiplication Formulas of FE(b,c)) In order to derive the
equations for fn(b,c) = 0 for special cases, we can make use of the following formulas,
which are been obtained from proposition |2.2.5:

P =(0,0), —P = (0,b),
2P = (b, be), —2P = (b,0),
3P = (¢,b—c), —3P = (¢, ?),

AP = (d(d —1),d?(c —d+1)), —4P = (d(d—1),d(d —1)?),

where d = b/c in the formulas for 4P and —4P. Finally, introducing e = ¢/(d — 1), we
have

5P = (de(e — 1), d*e(e — 1%)), —5P = (de(e — 1), d*e*(d — e)).
All of these formulas are also easily obtained using SAGE:

sage: K.<b,c>=FractionField(PolynomialRing(QQ,’b,c’));
sage: E = EllipticCurve(K, [1-c, -b, -b,0,0]);

sage: P=E(0,0);

sage: print 2xP

sage: print -2*P

sage: print 3*P

sage: print -3*P

sage: print 4xP

sage: print -4xP

(b : bxc : 1)

(b :0: 1)
(c:b-c¢c: 1)
(c : cc2: 1)

("2 - b*c)/c”2 : (b™2%c™2 - b™3 + b™2%¢c)/c"3 : 1)
("2 = b*xc)/c”2 : (-b"3 + 2*%b"2%c - b*c"2)/(-c"3) : 1)
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Example 5.4.4 Which is the condition that b and ¢ must satisfy for E(b, c) to have the
point P = (0,0) of order 47 When does it have a 2-torsion point?

We look for the formula for fy(b,c). If P has order 4, then 4P = O or, in other words,
2P = —2P. Using the formulas from proposition [5.4.3] we have

2P = —-2P = (b,bc) = (b,0) = bc=0 = c=0,

because b # 0. Thus the condition is fy(c,b) = ¢, which is the equation of a projective line.
Moreover, the equation for the family becomes

E(b,0): y* +xy — by = 2° — ba?,
with discriminant A(b,0) = b*(1 + 16b) # 0.
Moreover, for a given = the y-coordinate satisfies the equation
y? + (x —b)y + (ba® — 2%) = 0.
The point P = (x,y) has order 2 if, and only if, this equation in y has a double root, or,
in other words, if the discriminant of the quadratic equation equals zero,
(=0 —42?’(b—2)=0 <= (v—0b)(z—b+42%) =0.

One solution is = b, that gives us 2P = (b,bc) = (b,0) = —2P for ¢ = 0. The other
solutions are the points which z-coordinate satisfies

1 1 1\2 1
42 —bh=0 < 4a° ——(b+—=)=0 <= |(2z24+-) =([b+—=).
rtw 0 x—l—a:+16 (+16) (x+4> (+16)

This fact tells us that there are two other 2-torsion points on E(b,0) over Q, other that
coming from 2P = —2P, if and only if b+ 1/16 is a perfect square, v, over Q. Moreover,

v can take any value except 0, 1/4 and —1/4. The x values for these two points are
1 v
- 4o
T8

Example 5.4.5 Which is the condition that b and ¢ must satisfy for £(b, c) to have the
point P = (0,0) of order 57

Following an analogue argument as in previous example, the condition 5P = O is
equivalent to 3P = —2P, and using again the formulas from proposition we have
3P=—-2P = (¢,b—c)=(b,0) = b=c.

Thus the condition is f5(c,b) = b— ¢, which is the equation of a projective line. Moreover,
the equation for the family becomes

Eb,b) :y* + (1 — b)zy — by = 2° — ba?,
with discriminant A(b,b) = b°(b* — 116 — 1) # 0.
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If we keep on using this kind of arguments, we can reach the following result. (Most
cases are proved -quite straightforwardly- in [32]).

Theorem 5.4.6 (Tate’s Parametrizations) Every elliptic curve E with a point P of
order n =4,...,10,12 can be written in the following Tate normal form

E=Eb,c):y*+ (1 —c)ry — by = 2° — ba?,
with the following relations:
i) If n =4, then b=, ¢ = 0.
ii) If n =5, then b= a, ¢ = a.
i) If n =6, thenb=a+a?, c= .
w) Ifn="17, thenb=0a>—qa, c=a?—a.
v) If n =28, thenb= 2a —1)(a — 1), c = b/a.
vi) Ifn =29, then c = a®*(a — 1), b = c(a(a — 1) + 1).
vii) If n =10, then ¢ = (20® — 30 + o) /[a — (o — 1)?], b = ca?/[a — (a — 1)?].
viii) If n =12, then ¢ = (30> —3a +1)/(a — 1)3, b = ¢(—=2a% + 2a — 1) /(a — 1).
Example 5.4.7 Find the torsion points of order 5 of the elliptic curve

E:y?* = 2® + 129332 — 2285226.

If we suppose that E has a point of order 5, theorem tells us that £ must be
isomorphic, by a linear change of variables, to one curve lying in the family

v 4+ (1 — o)y — ay = 2° — ar?.
If we take this general equation to Weierstrass short normal form, we obtain an equation

which we will note
y® = 2° + As(a)x + Bs(a).

where, using the following sequence of instruction in SAGE,

sage: var(’a’);

sage: E = EllipticCurve([l-a, -a,-a,0,0]);
sage: E

Elliptic Curve defined by

y 2 + (matl)*x*xy + (-a)xy = x"3 + (-a)*x"2
over Symbolic Ring
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sage: F = E.short_weierstrass_model();

sage: F

Elliptic Curve defined by

y 2 = x73 + (648*(a-1)*a-27x((a-1) "2-4%a) "2)*x
+ (-1944x(a-1)*((a-1) "2-4*a)*a
+54%((a-1) "2-4*a) "3+11664*a"2)

over Symbolic Ring

we obtain
As(a) = 648a(a — 1) — 27((a — 1)? — 4a)?,
Bs(a) = —1944a(a — 1) - ((a — 1)? — 4a) + 54((a — 1)* — 4a)® + 116640°.
By remark [2.1.4] as this curve should be isomorphic to ours, it must hold
As(a)? 129333

Bs(a)? 22852262’

which sums up to an equation in the variable «, in our case, of degree 12. This equation
will be called the final polynomial for n = 5.

polygen(QQ) ;
((648+* (x-1)*x-27*((x-1) "2-4%xx)~2) ~"3)*(2285226"2)
-((-1944* (x-1) *((x—1) "2-4%x) *x
+54% ((x-1) "2-4%x) "3+11664%x~2) "2)*(12933°3) ;

sage: X
sage: f

sage: f.roots()
[((10, 1), (-1/10, 1)]

We can see that the only rational roots of our final polynomial are —1/10 and 10.
Now, by theorem [2.1.5] for every root «g of the final polynomial, we have to check if
there exists some u € Q verifying

U4 = A
A(ag)’

B
ub = i
B(ag)

If there is a solution of the system above for some root, we have a point of order 5; if
not, then there are no points of order 5 in E.
Using SAGE one more time, for ag = 10, we have

sage: Al 12933;
sage: Bl = -2285226;
sage: A(a) = 648+(a-1)*a-27*x((a-1)"2-4%*a)"2;
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sage: B(a) = -1944x*(a-1)*((a-1)"2-4x*a)*a
+54x((a-1) "2-4*a) "3+11664*a"2;

sage: var(’u’)

sage: solve([u”4 == A1/A(10), u~6 == B1/B(10)], uw)
[lu==1], [u==-1]]

Hence there is a point of order 5 in E, which corresponds to (0,0) in the Tate’s normal
form. Tracing back the changes of variables a point of order 5 turns out to be (123, 1080).

5.4.2 Torsion points of order 3

The only case remaining is n = 3. We could use the Tate’s normal form showed above for
this case, but it has some inconveniences, being the heaviest one that the family of curves
depends on two parameters in this case. However, we can use theorem [5.3.3]and the divisor
polynomial f3 for searching possible 3-torsion points. This particular case is summed up
in the following proposition.

Proposition 5.4.8 Let E be an elliptic curve defined over Q given by a Weierstrass short
normal form E : y*> = a3 + Az + B. Then E has a torsion point P of order 3 if and only
if there is an integral solution to the equation

fs(z) = 32* + 6A2% + 12Bx — A* = 0.

PROOF. Suppose that P = (z,y) is a torsion point of order 3. This means that 3P = O
or, in other words, that 2P = —P. As E is given by the Weierstrass short normal form,
taking a; = ag = as = 0, ay = A and ag = B, the group law (proposition [2.2.3)) gives us
—P = (x,—y). Recalling the duplicaction formula from proposition too, we have
x* — 2A2% — 8Bz + A?

473 +4Ax +4B
so, if we impose 2P = — P, then it must hold

xt — 2Ax% — 8Bz + A?
423 4+ 4Ax + 4B

z(2P) =

=1 = 2*— 242> — 8Bz + A% = 42* + 4A2? + 4Bz

= 32+ 6A2% +12Bx — A2 = 0.

5.4.3 Tate’s Algorithm

We sum up here the steps in the algorithm.

Algorithm 5.4.9 (Tate’s algorithm) Let
E:y*=2>+Acx+ B, withA,BeZ

be an elliptic curve defined over Q given in a Weierstrass short normal form. In order to
find its torsion subgroup we proceed as follows:
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[Step 1] Compute the number of points with order 2, that is, the solutions for
 + Ar+ B =0, (5.6)
namely x1,xa,x3. Fori=1,23, if x; € Q, define P, = (x;,0).
If 2P, = O, then P; is a 2-torsion point.

[Step 2] Pick the smaller five (for instance) good primes for E and compute a bound M for
the torsion subgroup order as explained above (section .

[Step 3] If the number of rational divisors for equation is either 0 or 1, then for every
divisor d of M, apply the procedure described in previous subsection to check if there
s a point of order d. If this is done in decreasing order, the first affirmative answer
gives us the group (which should be isomorphic to Cy) and one generator: either the
point which comes from point (0,0) in Tate’s normal form for n = 4,...,10,12 or
the point directly obtained for n = 3.

[Step 4] If the number of rational solutions for equation 1s 3, then apply the same
procedure as above for every divisor d of M/2. Now the first affirmative answer
gives us the group (which is isomorphic to Cy X Cy) and a set of generators, a point
of order 2 and the point which comes from point (0,0) in Tate’s normal form.

5.5 Dude’s algorithm

In this last section, we find the torsion subgroup by using an algorithm due to Dude, based
in the analytic parametrization of elliptic curves. To manage this, we first need some
theory about elliptic curves defined over C, which can be found in [53]. Then, we develop
the algorithm based in Dude’s results [18].

5.5.1 Elliptic curves over C

Lattices and basis

Definition 5.5.1 (Lattice) A lattice A in C is the subgroup generated by two complex
numbers that are linearly independent over R. Thus,

A = wZ + w7, for some wq,wy € C.

Since either w; nor wsy is a real multiple of the other, we can order them so that
S(wy /wg) > 0. Let {w],wh} be a second pair of elements of A, then

w] = aw; + bwy, wy = cwy + dwy,

for some a, b, c,d € Z. In other words,

w} _ (™
wh wy )’
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where A € Msy(Z).

Definition 5.5.2 (Z-basis) The pair (w],w)) is a Z-basis of the lattice A above if the
matrix A is invertible, i.e., if its determinant is +1.

We can say the same as above in other way: (w},w}) is a Z-basis of A if A € GLy(Z).

Let us now write z = wy /we and 2’ = w) /w}, then

az+b\  (ad —bc)3(z)
cz+d lez + d|?

() =S (

We can deduce from this that $(z’) > 0 if, and only if, det A = 1. Therefore, the group
SLy(Z) of matrices with integer coefficients and determinant 1 acts transitively on the set
of basis (wy,ws) of A with &(w/wy) > 0.

Notation. We will call
M = {(w,w;) € C*: 3(wy/wy) > 0};

and
L={A e C:Ais a lattice}.

We have proved the following statement:

Proposition 5.5.3 The map
<w1, U)Q) —> U)1Z —+ U)QZ

induces a bijection
SLy(Z)\M — L,

where SLo(Z)\M means the set of orbits in M for the action

(¢ a) ()= va)
c d) \ws cwy + dwy ) -
Notation. We denote the invertible elements in C as
C*={2€ C:3w € Csuch that zw =1} = C\ {0}.
Note that (C*,-) is a subgroup of (C,-). We also denote
H={zeC:S3(2) >0},

which is the complex upper half-plane.
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If z € C*, we define the following actions on M and £
C"'xM— M, z - (wy,wy) = (zwy, z2ws);
C'xL—L, 2N zA,
where
zAh ={zA: A€ A}

The map (wq,wy) — wy/we induces a bijection between M \ C* — H. Subjectivity is
trivial from definition of M. To see the injectivity, we consider (wy, ws), (w], wh) € M with
the same image and we have to prove that they are in the same orbit.

/
wy Wy / /
w1 w2
— 5 =5 ==z
wy Wy
wy = zwy
/
wh = ZWs

= (wy,wy) =z - (wi, wn).

We want to deduce now the action of SLy(Z) on H from the action of SLy(Z) on M\ C*.
We consider the following diagram

SLy(Z) x (M\C*) , —=M\C*
SLy(Z) x H - ——— - ~H

where

So, by the commutativity of the diagram, we can assure that the action of SLy(Z) on

H is
a b T_a7+b
c d)  er+d

Summing up, we have the bijections

L\ C Sl (SLy(Z)\ M)\ C* <5 SLy(Z)\H

w1

(Zw1 +ZUJ2) CF SLQ(Z) . (wl,wz) C* — SLQ(Z) C—

Wa
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Definition 5.5.4 (Fundamental domain) Let A be a lattice with basis {wy, ws}. If we
choose 2y € A and consider the parallelogram with vertices zg, 2o+ w1, 20+ wa, 2o+ wy +ws,
then its interior is called a fundamental domain D for A.

We usually choose z; so that D to contain 0.

Doubly periodic functions

Let A be a lattice on C. To give a function on C/A amounts to giving a function on C
such that
f(z+w) = f(z), (asa function on C), for all w € A.

Proposition 5.5.5 Let A be a lattice on C with basis {wy,ws}. Then

f(z+w) = f(2)

fz+w)=[(z), forallwelA <= {f(z+w2)=f(Z)

PROOF. (=) This direction is trivial. It suffices to set w = w; and w = wy in the
hypothesis.
(<) Let w € A. Then there exists a,b € Z such that w = aw; + bws.

fz4+w) = f(z+ aw; + bwy) = f(z+ awy + (b — Vwq + wy) = f(z 4 awy + (b — 1)w,)
= f(z+awy + (b —2)wy + wq) = f(z + aw; + (b — 2)ws)

: b — 2 steps
= f(z + aw)

: a steps
= f(2).
]

Definition 5.5.6 (Doubly periodic function) Let A be a lattice on C with basis
{wy,wy}. A function on C such that

flz4+w) = f(z), forallwe A.

is called a doubly periodic function for A.

The two following results will be useful in the next section. Their proofs have to do with
basic complex analysis and they can be found in [53, Prop.2.1] and [53] Col.2.2] repectively.

Proposition 5.5.7 Let f(z) be a doubly periodic function for A, not identically zero, and
let D be a fundamental domain for A such that f has no zeros or poles on the boundary of

D.
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) Y pep Reself) =0,
i) T pepordp(f) = 0,
i) Y pepordp(f)-P =0 mod A.

Lemma 5.5.8 A nonconstant doubly periodic function has at least two poles (or one
double pole).

We will consider in this section one meromorphic and doubly periodic function on a
lattice A: the Weierstrass gp-function.

The Weierstrass p-function

Let A be a lattice. The Riemann-Roch theorem applied to the quotient C/A proves
the existence of nonconstant doubly periodic meromorphic functions for A, but we are
going to construct them explicity.

Let GG be a finite group acting on a set S. It is easy to construct functions invariant
under the action of G it suffices to take f to be a any function f :.S — C and define

F(s) =Y f(gs).

geG

This way we have

F(g's)=>_ flgg's) = F(s),

geG

because, as ¢ runs over (G, so does ¢'g. Thus F' is invariant under the action of G.
Reciprocally all invariant functions are given in this form.

When G is not finite, one has to verify that the series above converges. In order to be
able to change the order of sumation, we need -at least- absolute convergence. Recall how
normal convergence is defined:

Definition 5.5.9 (Normal convergence) Let D be an open subset of C and let { f,, }nen
be a sequence of holomorphic functions on D. The series ) f, is said to converge
normally on a subset A C D if the series of positive terms > || f,|| converges, where

[ fall = sup.ea |fu(2)]

This definition tells us that Y f, is both uniformly convergent and absolutely
convergent on A. When {f,},en is a sequence of meromorphic functions, the series is
said to converge normally on A if, after a finite number of terms f,, have been removed,
it becomes a normally convergent series of holomorphic functions. If D is a compact subset
of C and the series of meromorphic functions f = > f,, converges normally on D, then f
is a meromorphic function too. Moreover, the series of derivatives converges normally on
compact subsets of D and its sum is the derivative of f.
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Now let f(z) be a meromorphic function on C and let
o(2) =3 f(z +w).
weA

Assume that as |z| — oo, f(z) — 0 so fast that the series for ¢(z) is normally convergent
on compact subsets. Then ¢(z) is doubly periodic with respect to A because replacing z
by z + wq for some wy € A merely rearranges the terms in the sum.

To prove the normal convergence for the functions we are interested in, we need the
following lemma:

Lemma 5.5.10 For any lattice A € C, the series

1

3
weA ’w’
w#0

CONVETGES.

PROOF. Let {w;,ws} be a basis for A and, for each integer n > 1, consider the
parallelogram

P(n) = {ajw;y + asws : a1, as € R, max{|a1], |az|} = n}.

We can see the family of parallelograms in the following figure:

/ 4

[ S LS S/
LSS S S

S L LSS

/ WAV

Figure 5.1: P(n) parallelograms.

This way, every parallelogram P(n) has exactly 8n points of A and the distance between
0 and any of them is at least kn, where

k= min d(0,w).

weP(1)NA
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n
Therefore, the contribution of the points on P(n) to the sum is bounded by et and so
n
1 8 o 1
— < = — < 00
lwf? = &3 Z n2
wEA n=1
w#0
O

We know from lemma that the simplest possible nonconstant doubly periodic
function is one with a double pole at each point of A and no other poles. Suppose f(z)
is such a function. Then f(z) — f(—2z) is a doubly periodic function with no poles except
perhaps simple ones at the points of A. Hence it must be constant, and since it is an odd
function it must vanish. Thus f(z) is even and we can make it unique by imposing the
normalization condition

f(z) =224+ 04 2%g(2)

with g(z) a holomorphic function near z = 0. There is such a function, namely Weierstrass
o-function, but we cannot define it directly from 1/22? by the method at the start of this
subsection because )

PR

wEA

is not normally convergent. Instead, set the following definition:

Definition 5.5.11 (Weierstrass p-function) Given a lattice A € C, we define the
Weierstrass p-function as

and

¢'(z) = Z ﬁ

wEA

Proposition 5.5.12 The two series above converge normally on compact subsets of C
and their sums  and @' are doubly periodic meromorphic functions on C with ¢ = dp/dz.

We note that ) . (2 + w) converges normally on any compact disk [z| < 7 by
comparison with > . 1/|w|® and so does ¢'(z) = ng(z) Thus, ¢/(z) is a doubly

wEA

PROOF. Let

periodic meromorphic function on C.
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For |z| <, for all but finitely many w with |w| < 2r, we have that

B !zw (2—5})‘ zg 67

1 1

B '—z2 + 2zw

w?(z —w)?

G-wp w| TR e

and so p(z) converges normally on the compact disk |z| < r. Because its derivative is
doubly periodic with period lattice A, so also is p(z).

g

Einsestein series
Let A be a lattice in C and consider the following sum

1

wn’
weEA
w#0

As the map
A — A, W —w

has order 2 and its only fixed point is 0, then A\ {0} is a disjoint union of its orbits . It
follows that the sum above is zero if n is odd. Otherwise, we write

1
Gar(A) = Z WETE (5.7)
weA
w#0
Remark 5.5.13. If A = wZ + wyZ, we can always find ¢ € C* and z € H such that
Gor(A) = ¢ - Go(2Z + Z). We denote
Gor(2) == Gop(2Z + Z).

PROOF. The remark is easy to prove from one easy fact: if ¢ € C* then

1 _ 1 _
Gar(cA) = Z (cw)?* =2 Z Wk ¢ 2kG2k(A)'

weAN wEA
w#0 w#0

Then, if {wq,wy} is a basis for A, then
w w
ng(wlZ + ’UJQZ) = G2k<w2(w—1Z + Z)) = w52kG2k(w—1Z + Z) = wg%sz(Z),
2 2

with z = w; /wy € H.
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Definition 5.5.14 (Einsestein series) The series Gor(A) and Gox(z) are called
Einsestein series.

We check now that Einsestein series converge in the complex plane:

Proposition 5.5.15 Let A = zZ + Z. Then for all integers k > 2, Go(2) converges to a
holomorphic function on H.

PROOF. Let
D={ze€C:|z| > 1,|R(2)| < 1/2}.
We consider first z € D and A = 2Z + Z. If w € A, we can write w = mz + n with
m,n € Z. Then

lw? = |mz+n|? = (mz4+n)(mZ+n) = m?*22+2R(2)mn+n? > m? —mn+n* = |mp—n/?

with p = €2™/3. Hence, for all lattices A = 2Z + Z with z € D, there exists a lattice
N = pZ + 7Z which every element w € A is bounded by an element of w’ € A’ in the
following way

k>2
e [ e T

This leads us to

1 1 1 1
<— =G = E < E -
w2 w3 2k (2) w2k w3
weA w/'eN’
w#0 w’#0

Therefore, lemma [5.5.10[ shows that for £ > 2, Ggx(2) converges normally on D.
Now, for any matrix A € SLy(Z), Gor(A™'2) also converges normally on D, because
A7'2 € D when z € D. This shows that Goi(2) converges normally on AD. It can be

proved that the sets AD cover H, and so this shows that Ggx(2) is holomorphic on the
whole H.

g

The relation between p and ¢’

The following result is fundamental in Dude’s algorithm:

Proposition 5.5.16 Let A be a lattice in C. The following relation between ¢ and ¢’
holds:

0'(2)* = 4p(2)” — ga(A)p(2) — go(A),
where g4(A) = 60G4(A) and gs(A) = 140G¢(A).
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PROOF. We compute the Laurent expansion of p(z) near 0. Recall that for [t| < 1,

1
—— =1+t+2++ t",
Lt E
and differentiating this expresion we obtain

[e.o]

Znt” =D (n+ 1)t

n=0

Hence, for |z| < |w| we have

Putting this into the definition of p(z) and changing the order of summation, we find

that for |z] < |w|,
1
Y5

wEA
w#0
1 > z"
LYo
weA n=1
w#0
- 1
LD o
=1 wEA
w#0
+ Z (2k 4+ 1)Gapya(N) 2,
k=1
n+2

where in the latter equality we have used that > 1/w"** is zero if n is odd, so the only

terms which ’survive’ are the even ones. We have then

1
p(2) = 5 +3Ga(A)2" +5Gs(A)z" + -,

2
§'(2) = =55 +6Ga(A)z + 20Gs(A)= + -
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Now consider

4 2
p/(2)2 = 5 2—3(6G4Z —+ 20G623 + - ) + (6G4Z + 20G623 + - )2
z z
424G
== — 180G + higher order terms,
z z
1 1 1
p(z)3 = % + 3—4<3G422 + 5G624 + - ) + 3—2(3G4Z2 + 5GGZ4 + - )2
z z z
+ (3G42% +5Ge2t + -+ )?
1 9G
==+ —24 + 15Gg + higher order terms,
z z
436G
—4p(2)% = -~ 2 — 60Gs + higher order terms,
z z
60G, 9 o 4 )
60G4p(z) = + 180G 2* + 300G 4Ggz" + higher order terms.

52
We now use these expressions to calculate the following Laurent expansion:

0 (2)* — 4p(2) + 60G4p0(2) + 140G

424Gy 4 36Gy4
:g— Z2 —80G6—5—7—60G6
60Gy

+ + 180G3%2? 4 300G 4Gg2* 4 140G + higher order terms

22

= 180G22* + terms of order higher or equal to 2.
We can conclude that the Laurent expansion of
O (2)? — 4p(2)* + 60G4(A)p(2) + 140G6(A)

has no nonzero term in 2" with n < 0. Therefore this function is holomorphic at 0 and takes
the value 0 there. Since it is doubly periodic and has no poles in a suitable fundamental
domain containing 0, then, by lemma [5.5.8] it is periodic and in fact zero.

g

Lattices and elliptic curves

As we have just seen in the previous subsection that, given a lattice A in C, there exists a
narrow relation between the Weierstrass gp-function and its derivative:

p'(2)" = 4p(2)* + g2(A)p(2) + go(N).
If we consider an elliptic curve E(C) with Weierstrass short equation

y? =42° + Az + B, with A,B € Z,
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we can see the analogy between both expressions above.

In this section we will see how a lattice in C is related to an elliptic curve over A. This
will give us a way of finding rational torsion points of the elliptic curve from the lattice
and the Weierstrass gp-function. This is the 'soul’” of Dude’s algorithm.

Lemma 5.5.17 Let A be a lattice in C. The polynomial

f(z) =42® — gs(A)z — go(A)
has dinstinct roots.

PROOF. Let {wy,ws} be a basis for the lattice A. The function ©'(z) is odd, so
o' (w1/2) = —p'(—w1/2) and doubly periodic, so @'(w;i/2) = ¢'(—w;/2). We can deduce
then that ¢'(w;/2) = 0 and proposition shows that p(w;/2) is a root of f(z). The
same argument shows that p(wy/2) and p((w; + wy)/2) are also roots of f(z). It remains
to prove that these three complex numbers are dinstinct.

The function p(z)—p(w;/2) has a zero at w; /2, which must be a double zero because its
derivative is also 0 there. Since p(z)— p(w;/2) has only one (double) pole in a fundamental
domain D containing 0, by proposition , wy /2 is the only zero of p(z) — p(w;/2) in
D, i.e., p(z) takes the value p(w;/2) only at the point z = w;/2 within D. In particular
©(w1/2) is not equal to p(ws/2) or p((wy+ws)/2). The same argument shows that p(ws/2)
is not equal to p((w; + ws)/2).

O
From the latter lemma, we see that
E(A) : y? = 42° + g4(A)z + gg(A)

is an elliptic curve. Moreover, as ctgy(cA) = g4(A) and Pgg(cA) = gs(A) for ¢ € C*, the
lattice cA defines essentially the same elliptic curve as A.

Reciprocally, for any elliptic curve
E:y?z =2+ Axz® + B2®,

the closed space E(C) of P?(C) has a natural complex structure: for example in a
neighbourhood of a point P € E(C) such that y(P) # 0 # z(P), the function x/z provides
a local coordinate.

Proposition 5.5.18 If E is an elliptic curve given by E : y*z = 423 + Axz? + B23, then
we have a map

¢ : C/A — E(A)(C); 2 (p(2),¢/(2),1), 00O

which is an isomorphism (of Riemann surfaces).
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PROOF. 1t is certainly a well-defined map because p(z) and ¢'(z) are doubly periodic
functions. The function

o(2) : C/A — PY(C)

is 2:1 in a fundamental domain containing 0, except at the points w;/2, wy/2 and
(w1 + wq)/2, where is one-to-one. Therefore, g realizes C/A as a covering of degree 2 of
the Riemann sphere and it is a local isomorphism except in 0, w; /2, wo/2 and (w; 4+ wy)/2.
Similary, x/z realizes E(A)(C) as a covering of degree 2 of the Riemann sphere, and
it is a local isomorphism except at O and the three points where y = 0. It follows that
C/A — E(A)(C) is an isomorphism outside the two sets of four points. A similar argument
shows that it is local isomorphism at the remaining four points.

g

Consider now p(z + 2’). For 2’ € C fixed, it is a doubly periodic function of z and
therefore it is rational function of p and ¢’ as we are going to see in the following result:

Proposition 5.5.19 (Addition formula) The following formula holds:

NV O
oo+ =1 (SIZEE) — o) - o).

PROOF. Let f(z) be the difference between the right and the left sides. Its only possible
poles in a fundamental domain of A are at 0 or +2’. By examining the Laurent expansion
of f(z) near these points one sees that it has no pole at 0 or —z’, and at worst a simple
pole at z’. Since f is doubly periodic, it must be constant, and as f(0) = 0, it must be
identically 0.

O
Corollary 5.5.20 The map

p: C/A = E(A)(C); 20 (p(2),9'(2)), 00O
1S a group homomorphism.

PROOF. Let y = mx + b be the line through the points P = (z,y) and P’ = (2/,') on
the curve y? = 423 — g4 — g¢. Then z, 2/ and z(P + P’) are roots of the polynomial

(max +b)* — 42° + g4x + ge

and so )

m 1 (y—v
P+P = — == .
r(P+P)+r+wx 1 (x—x’)
The formula in latter proposition agrees with this one for the z-coordinate of the sum of
two points in E(A), so this proves that the homomorphism holds.

g
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Theorem 5.5.21 FEwvery elliptic curve E over C is isomorphic to E(A) for some lattice
A.

PROOF. Recall from proposition that over an algebraically closed field, the elliptic
curves are classified (up to isomorphism) by their j-invariants. For any lattice A € C, the
curve

E(A) :y? = 42° — g4(A)z — gs(A)
has discriminant and j-invariant given by

1728¢4(A)?

A - 94(A)3 - 2796(/\)27 ](A) = g4(A)3 _ 2796(/\)2'

Furthermore, for ¢ € C*, g4(c\) = ¢ *g4(A) and gs(cA) = ¢ %gs(A), and so the
isomorphism class of E(A) depends only on A up to scaling. Define

i) =i +2).
a b
Then for every . d € SLy(Z),

ar +b
ct +d

J(

) =J(7).

Moreover, it can be proved that j : H — C is surjective, which completes the proof.

5.5.2 Two useful algorithms
Two problems appear now:

1) How to compute, given a basis {wy,wy} of the lattice A associated to E, the values
for p(z) and ¢'(2).

2) Given an elliptic curve E, how to compute a basis {wy,ws} of the lattice associated.

Some algorithms can be used to solve this problems. For further explanation see
[10, pp. 395-398].

Reduction algorithm

Let {wy,ws} be a basis for the lattice A such that I(w;/we) > 0. As we have done so far,
we consider 7 = w;/we € H. The problem is that in practice using this 7 for computing
certain quantities could be inneficient. Because of this one should first find the complex
number 7’ belonging to the fundamental domain D of A which is equivalent to 7 under the
action of SLy(Z).
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Algorithm 5.5.22 (Reduction algorithm) Given 7 € H this algorithm outputs the
unique 7' equivalent to T under the action of SLo(Z) and which belongs to the fundamental
domain D of A, as well as the matriz A € SLy(Z) such that 7" = Ar.

1. [Initialize]

10
A< (0 1).
2. [Reduce real part]

n < [R(7)],
T T—mn,
1 —n
A+ (0 1 )A.
3. [Finished]
m<— TT.
Ifm>1
output 7 and A and terminate the algorithm;

else:

T < —7/m,

0 -1
A+ (1 0 ) A,
Go to step 2.

The p and ¢’ algorithm

We can use power series expansions to compute p and ¢':

Proposition 5.5.23 Let {wy,wy} be a basis for the lattice A. Set

r=1e H, q:= e, u = ¥z
Wa
then
2mi 1 u = . 1 1 2
o) = (w_) (ﬁ w2 (“ ((1 —qup (g —u>2) T- W))
and
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Algorithm 5.5.24 (p and ¢ algorithm) Let {wy, w2} be a basis for the lattice A and
let z € C. This algorithm computes p(z) and @' (z).

1. [Initialize and reduction]
[f %(wl/wz) <0

swap (wy,wa).

T 4 w1 /wy.

Using the algorithm|5.5.22, find a matriz A = (Z 2

) € SLy(Z) such that At is in

the fundamental domain D,
T+ AT,

Wy ¢ cwi + dws.

2. [Reduce z|
2z z/wy,
n < [3(2)/3(7)],
24— z—nT,
24 z—|R(2)].
3. [Compute]
If z=0,
Output a message saying that z € A;
else,

Compute p(z) and ¢'(z) using the formulas given in proposition and
terminate the algorithm.

The w; and w, algorithm

Now given g, and gg defining a Weierstrass short equation for an elliptic curve F, we want
to compute a basis {wy, ws} of the corresponding lattice A.
We need a definition before: the Arithmetic-Geometric Mean (AGM) of two numbers.

Definition 5.5.25 (AGM) Let a,b € R*. The Arithmetic-Geometric Mean of a and
b, denoted by AGM (a,b), is defined as the common limit of the two sequences {a,} and
{b,} defined by

Qo 3
by = b,

an + by,
an—i—l - 2 )

bn+1 = v/ anbn.
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It is easy to see that the set of real points on an elliptic curve with real coefficients has
either one or two components in the standard topology of R%2. The component which is
unbounded is called the identity component because it can be considered to contain the
point at infinity which is the identity for the group law. The following algorithm gives a
basis of a lattice A of an elliptic curve with real coefficients using the AGM. Since elliptic
curves are usually given by the generalized Weierstrass equation

y2 + a1xy + asy = 23 4 agx® 4 aygr + ag
instead of
y* = 42’ + gaz + g5,
the algorithm is given in that context.
Algorithm 5.5.26 (Periods of an elliptic curve over R) Given ay,...,a5 € R, this

algorithm computes the basis {wy,wy} of the period lattice A of E such that wy is a positive
real number and wy /we has positive imaginary part and real part equal to 0 or —1/2.

1. [Initialize]
Using formulas in definition (2.1, compute by, by, bg and A;

If A <0, go to step 3.

2. [Disconnected case] Let e, es and ez be the three real roots of the polynomial
43% + byx® + 2bgx + bg = 0,

with e; > eq > e3.
T

AGM(\/€1 — €3, \/61 — 62);
T

AGM (\/er —es,\/ea —e3)

Terminate the algorithm.

Wo <—

Wy <

3. [Connected case]
Let e; be the unique real Toot of 43 + byx? 4 2byx + bg = 0,
a < 3e; + by /4,
b« \/3e2 + (by/2)er + by/2
Wo <— 2m
AGM(2vb,V/2b + a)’

W2
wy — ——

17T
+ .
2 AGM(2vb,v/2b— a)

Terminate the algorithm.
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5.5.3 Dude’s analytic algorithm

All the work we have done so far reduces the problem of finding rational torsion points
of E to that of finding complex torsion points in C/A and checking whether their images
(p(2), ¢'(2)) by the map C/A — E(C) are rational.

However, we are interested on finding the n-torsion points of C/A, but they are trivially
given by the isomorphism

a

E(C)[n] ~ %A/A = {ﬁwl + %wg ca,b e Z} [(WnZ + woZ).

So we only need to check the rationality of the images of C/A — E(C).

The basis obtained with the w; and ws algorithm of the previous section has the
property that the multiples of w; correspond to points on the identity component of the
curve, and the translates of these multiples by ws/2 correspond to points on the bounded
component (if any).

Algorithm 5.5.27 Let
E:y=2+Az+B

be an elliptic curve given in Weierstrass short normal form. The following algorithm
returns the torsion subgroup of E, its order and a set of generators.

[Step 1] Pick the smaller five (for instance) good primes for E and compute a bound M for

the torsion subgroup order using proposition |3.1.20.

[Step 2] If M = 1:

return ({e},1,{O}).

[Step 3] We use the wy and wy algorithm to calculate wy and ws.

[Step 4] If 4 { M, then by Mazur’s theorem we know that the torsion subgroup is cyclic of

order at most 10.
Forn from 10 to 2:
If n|M:
If wi/n € Q:
return (Cp,n, {wy/n}}.
FElse if n is even and wy/n + wy/2 € Q:
return (Cp, n, {wy/n 4+ wy/2}).
return ({e},1,{O}).
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[Step 5] If4 | M, the torsion subgroup may not be cyclic.
Let D the set of 2-torsion points of & over C, i.e.,

D={2€C:2+ A2+ B =0}

If D = 0, then the torsion subgroup is cyclic of odd order and contained within the
identity component of E.

Forn from 11 to 3:
If n|M and n is odd:
If wy/n € Q:
return (Cp,n, {wy/n}}.
return ({e},1,{O}).

Else if |D| = 1, the torsion subgroup is cyclic, and we proceed as in the case where
4+ M, but only checking the odd cases:

Forn from 11 to 5:
If n|M and n is odd:
If wi/n € Q:
return (Cp,n, {wy/n}}.
FElse if n is even and wy/n+ wy/2 € Q:
return (Cp,n, {wy/n 4+ wy/2}).
Else, the torsion subgroup is non-cyclic.
We take P, € DN Q as the first generator.
If w1 /8 € Q:
return (Cy x Cg, 16, { P, w/8}).
Else If wy /6 € Q:
return (Cy x Cg,12,{ P, w/6}).
If wy/4 € Q:
return (Cy x Cy, 8, { P, w1 /4}).
Else, we take P, € DNQ, P, # P, as the second generator.
return (Cy x Co,4,{ Py, P2}).
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Appendix A

Applications of elliptic curves

A.1 Proof of Fermat’s Last Theorem

Elliptic curves played a crucial role to prove Fermat’s Last Theorem:

Theorem (Fermat’s Last Theorem) No three possitive integers a, b, c € Z can satisfy
the equation

forne N, n>3.

Some particular cases were proven by Fermat (n = 4, 1660s), Euler (n = 3, 1753),
Dirichlet (n = 5, 1825), Lame (n = 7, 1839) and Kummer (n < 1000, 1857). We give here
the main ideas of the prove of the theorem in general.

A first naive approach shows that finding rational points on curves gives a way to tackle
the problem: if we define the curve F,,(x,y) = 2" +y" —1 = 0 and («, 8) is a rational point
of F,, ie., F(a,5) =0 with @« = a/c and 8 = b/c, then (a,b,c) gives an integer solution
for 2" + y" = 2", since

a——i—b——lz() — ad"+b" ="

"
Conversely, any integer solution to Fermat’s equation yields a rational point of the curve
F.(z,y) = 0.

In 1983, Faltings [23] proved the following theorem, that was conjectured by Mordell
in 1922:

Theorem (Faltings) Let C' be an algebraic curve defined over Q of genus g. If g > 2,
then C' has only finitely rational points.

This theorem means that for any curve except for lines, conics (¢ = 0) and elliptic
curves (g = 1), the number of rational points on the curve is finite. This implies that
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the equation x™ + y™ = z" will have at most finitely many solutions for any n > 4, since
equations for n = 3,4 can be transformed to elliptic curves. So this result is not strong
enough.

Using a different approach, one idea is to “transform”, using some kind of isomorphism,
the curves 2" + y" = 1 to a family of curves that have no rational points on it. And this
family is a family of elliptic curves.

Assume that an elliptic curve E defined over Q can be written as

E:y> =2+ Az + B, with A, B € Q,

(this fact is proven in section of this text). We define the discriminant of E as
A = 4A3+27B% We require that A # 0, condition which is equivalent to the condition that
the three roots of x3+ Ax+ B are distinct. In this case, if 23+ Az+B = (z—a)(z—8)(z—7)
then,

A= (a—B)*(B—7)(y—a)
Now let (a,b,c) be an integer solution of the equation " + y™ = 2" for some n > 2. De
define an elliptic curve FE,, by the equation

y? = x(x —a™)(z +b").
The discriminant of this curve is
A = (a")*(b")*(a" + b™)? = (abc)*™.

So the discriminant is the 2n-th power of an integer. We aim to show that no elliptic curve
exists whose discriminant is a 6th or higher power.

We have said that (E, +) have group structure with a special point O. Now, for each
prime p, define E(F,) to be the set of points (u,v) € F}, such that

v? = v’ + Au + B mod(p).

Then a point in E(Q) yields a point in E(F,) and the set E(F,) is clearly finite,

#E(F,) < P
A theorem due to Hasse gives a better bound:

Theorem (Hasse) |#E(F,) — (p+1)| < 2,/p.

It was proven by Hasse [29] in 1933, with the proof published in a series of papers in
1936.

We define now a sequence given by a, = #E(F,) — (p + 1). Then we get an infinite
sequence as, as, as, ar, . . .. For the sake of completeness, we define a’s for non-prime indices
too:

#E(F,) — (n+1), ifn=p,prime;
Ay = k e . k e;
[T if n =TI, pi"
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For example,

a; = ]_, a9 = #E(IFQ) - 3, as = #E(]FQ) - 4, ay CL% = (#E(IFQ) - 3)2 e

We can now define a generating function for this sequence:

Gg(z) = Z an2".

n>1

By studying properties of Gg(z) we can infer properties of £. We have to define the last
concept we need to prove Fermat’s Last Theorem:

Definition. A function f defined over complex numbers is modular of level ¢ and
contundance N if for every M € GLy(Z) with

a b
MZ(kN d)

(D) =g

cz+d

then

for all z € C with S(z) > 0.

We define now a special generating function

SGE(Z) _ GE(627riz) _ Zaneﬁrlz'

n>1

In 1990, Ribet [67, [68] proved the so called epsilon conjecture. An important consequence
of this theorem is the following one:

Theorem (Ribet) Functions SGg, are not modular for n > 2.
Finally in 1995, Wiles [80], proved the following theorem:
Theorem (Wiles) Function SGg for any elliptic curve E is modular.

This contradicts the fact that F,, is an elliptic curve for n > 3, and proves Fermat’s
Last Theorem.

A.2 Elliptic curve cryptography

Elliptic curves are nowadays used in cryptography, specifically in public key (or
asymmetric) cryptography. In a public key cryptosystem there are two keys. The public
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key, which is published in a directory and allows encryption; and the private key which
is kept secret and allows decryption. The first public key cryptosystem was invented by
Diffie and Helman in 1976. We describe it over a general finite group G:

Algorithm (Diffie-Hellman key exchange, DH) This algorithm allows two people,
A and B, to generate a shared piece of secret information over an insecure communications
channel.

i) (Setup). A and B publicly select a finite group G and an element o € G.

ii) A generates a random integer a, computes a® in G, and transmits it to B over a
public communications channel.

i) B generates a random integer b, computes o® in G, and transmits it to A over a
public communications channel.

i) A receives o’ and computes (a®)®.
v) B receives a® and computes (a®)’.

Now A and B both know the element a® which can be used as a private key for further
commumnication.

If an opponent O listens in on this process he knows G, o, a® and a’. Finding a® from
this information is the Diffie-Hellman problem. If O could find a from « and a* then he
could simply compute (a’)® and solve the Diffie-Hellman problem.

Given a finite group G' an o € G and %, with a € Z, the problem of computing a
is called the discreet logarithm problem. No efficient algorithm is known for computing
discrete logarithms.

Going back to public key cryptosystems, on one hand, we have the classical asymetric
cryptosystem: RSA, published in 1978 by Rivest, Shamir, and Adleman. It is based on
the presumed difficulty of factoring large integers, the factoring problem. On the other
hand, we have elliptic curve cryptography (ECC) which relies on the believed difficulty of
the elliptic curve discrete logarithm for its security, where the group G is a cyclic subgroup
of a given elliptic curve. Elliptic curves were proposed for use as the basis for discrete
logarithm-based cryptosystems in 1985, independently by Miller of IBM and Koblitz of
the University of Washington [52, 42]. Elliptic curve groups were proposed as a substitute
for the multiplicative groups mod p usually used in DH.

Applications in a lot of sectors depend nowadays on the underlying security already
available in the wired computing environment. Both for secure (authenticated, private)
Web transactions and for secure (signed, encrypted) messaging. As we have mentioned,
three alternatives are available for these applications: RSA, Diffie-Hellman Key Exchange
and ECC. We are going to compare RSA and ECC in the area of wireless technologies
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because the first one has been the most used and the second one is the topic of study of
the present text. Moreover, wireless technologies are the most extended technologies in
use today.

For the same level of security per best currently known attacks, elliptic curve-
based systems can be implemented with much smaller parameters, leading to significant
performance advantages. Such performance improvements are particularly important in
the wireless arena where computing power, memory, and battery life of devices are more
constrained. There are various standards bodies guiding the implementation of security
protocols for the industry. More specifically, to ECC is the IEEE P1363 published standard
for describing implementation of elliptic curve operations. NIST provides a list of curves
to be used, specified in FIPS 186-2, Digital Signature Standard.

Since elliptic curve discrete logbased cryptosystems appeared, many of the top
mathematicians in algorithmic number theory have tried their hand at attacking them.
Successful attacks have been found only for a few very special families of curves (e.g.,
the Menezes-Okomoto-Vanstone attack using the Weil pairing on supersingular elliptic
curves). By comparison, much more efficient attacks are known for both RSA and mod p
discrete log-based cryptosystems. Therefore, for the same level of resistance against the
best known attacks, the system parameters for an elliptic-curve-based system can be chosen
to be much smaller than the parameters for RSA or mod p systems. Table shows the
size of equivalent security levels in bits for symmetric cryptosystems, ECC and DH/RSA
systems.

Symmetric | ECC | DH/RSA
80 163 1024
128 283 3072
192 409 7680
256 571 15360

Table A.1: Key sizes for equivalent security levels (in bits).

At the 163-bit ECC/1024-bit RSA security level, an elliptic curve exponentiation for
general curves over arbitrary prime fields is roughly 5 to 15 times as fast as an RSA private
key operation, depending on the platform and optimizations. At the 256-bit ECC/3072-
bit RSA security level the ratio has already increased to between 20 and 60, depending on
optimizations.

This growing difference in key bit length for equivalent security levels accounts for the
performance advantages to be obtained from substituting ECC for RSA/DH in public key
cryptographic protocols.

As an simple example of cryptography with elliptic curves we present the ElGamal
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cryptosystem. This has never been standardised for use with elliptic curves because is
vulnerable to chosen ciphertext attack. We have chosen this cryptosystem becasuse it is
an easy understandable example of using elliptic curves in cryptography. For cryptographic
use we recommend Elliptic Curve Integrated Encryption Scheme (ECIES), see [71].

We can consider an elliptic curve E defined over a finite field F,, i.e., E(FF,), which will
turn out to have a finite number of points, which we can in fact bound by Hasse’s theorem
above. To do cryptography on E(F,) it is usual to take either ¢ = p, for some prime p > 3
or ¢ = 2", for fome n > 2.

Algorithm (ElGamal for elliptic curves)

i) (Setup). An elliptic curve over a finite field is chosen, namely E(F,), together
with a point P € E(F,). The point P generates a cyclic subgroup G = (P) =
{0, P,2P,...(n—1)P} of order n. Each user picks a random integer 0 <1 <n —1
(the private key) and publics IP (the public key). We suppose that messages are
elements of G and that a user A wishes to send a plain message M € G to user B.

it) A generates a random integer 0 < k <n — 1 and computes kP.
iii) A looks up B’s public key IP and computes k(IP), then M + klP.
iv) A sends to B the pair of group elements (kP, M + klP).
v) B computes (M + klP) — l(kP) = M and recovers the plain message.

Once again being able to find [ from P and [P (solving the elliptic curve discrete
logarithm problem) would allow us to crack this cryptosystem.

Another use of public key cryptography is in digital signature algorithms. On a physical
document a signature is (ideally) proof that you wrote the document. A digital signature
is a similar proof that you are who you claim to be that can be sent electronically. We
present a simplified version of the ElGamal digital signature algorithm from [79].

Algorithm (ElGamal Elliptic Curve Digital Signatures) This algorithm allows
a user A to send a message m, represented as an integer, to B such that B can be sure that
A sent it. We choose an elliptic curve defined over a finite field, E(F,), with p a prime,
and a point P € E(F,). Let G = (P) = {0, P,2P,...,(n — 1)P}.

i) (Setup). A chooses an integer 0 < 1 < n — 1 and calculates [P. A’s public key is
(E,F,,lP, P) and A’s private key is .

ii) A sends the message (m,kP,s). We can think of m as the message and (kP,s) as
the signature.

iii) B receives (m,kP,s) and calculates Vi = x(IP) + s(kP) and Vo = mP.
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w) If Vi = V4, B accepts the message from A. Otherwise he rejects it.

First we check that this algorithm will accept messages coming from A as valid. If it is
a valid signature then

Vi = 2(IP) + s(kP) = xlP + k™' (m — l2)kP = 2lP + mP — lxP = mP = Vj,

as the algorithm checks for. Now we note that being able to crack the elliptic curve discrete
log problem would allow you to impersonate A since you could find [ from P and [P and
then send any message m signed with A’s signature (since could calculate the correct s)

To sum up, we can say that over the last years, elliptic curve cryptography has moved
from being an interesting theoretical alternative to being a cutting edge technology adopted
by an increasing number of companies. There are two reasons for this new development:
one is that ECC is no longer new, and has withstood a generation of attacks; second, in
the growing wireless industry, its advantages over RSA have made it an attractive security
alternative.

Wireless Internet mail industry leaders such as Qualcomm have embraced ECC, as
well as other major companies in the wireless industry such as Motorola, Docomo, and
RIM. Major computer companies such as IBM, Sun Microsystems, Microsoft, and Hewlett-
Packard are all investing in ECC. The U.S. government is backing the use of ECC as well,
with NSA creating the security requirements for wireless devices connecting to the military,
and NIST providing standardized curves for use in a range of applications of ECC.

Wireless devices are rapidly becoming more dependent on security features such as
the ability to do secure email, secure Web browsing, and virtual private networking to
corporate networks, and ECC allows more efficient implementation of all of these features.
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